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XX Preface

knowledge of probability theory, and consequently the necessary material is
provided in the text (e.g., Sections 3.2-3.5).

For a less demanding pace, Parts I and Il can be covered in two semesters
— there is ample material. Alternatively, if a coverage of modelling is not
required, Part I by itself provides a reasonably complete introduction to
turbulent flows.

Many of the exercises ask the reader to ‘show that ..., and thereby intro-
duce additional results and observations. Consequently, it is recommended
that all the exercises be read, even if they are not performed. The book is
designed to be a self-contained text, but sufficient references are given to
provide an entry into the research literature.

However much care is taken in the preparation of a book of this nature,
it is inevitable that there will be errors in the first printing. A list of known
corrections is given at http://mae.cornell.edu/ pope/TurbulentFlows.
The reader is asked to report any further corrections to the author at
pope@mae.cornell. edu.

[ am profoundly grateful to many people for their help in the prepa-
ration of this work. For their support and technical input I thank my
colleagues at Cornell, David Caughey, Sidney Leibovich, John Lumley, Di-
etmar Rempfer, and Zellman Warhaft. For their valuable suggestions based
on reading draft chapters, I am grateful to Peter Bradshaw, Paul Durbin,
Rodney Fox, Kemo Hanjali¢, Charles Meneveau, Robert Moser, Blair Perot,
Ugo Piomelli, P. K. Yeung, and Norman Zabusky. Similarly, I am grateful
to the following Cornell graduates for their feedback on drafts of the book:
Bertrand Delarue, Thomas Dreeben, Matthew Overholt, Paul Van Slooten,
Jun Xu, Cem Albukrek, Dawn Chamberlain, Timothy Fisher, Laurent Myd-
larski, Gad Reinhorn, Shankar Subramaniam, and Walter Welton. The first
five mentioned are also thanked for their assistance in producing the figures.
Most of the typescript was prepared by June Meyermann, whose patience,
accuracy, and enthusiasm are greatly appreciated. The accuracy of the bib-
liography has been much improved by the careful checking performed by
Sarah Pope. Above all, I wish to thank my wife, Linda, for her patience,
support, and encouragement during this project and over the years.



Nomenclature

The notation used is given here in the following order: upper-case Roman,
lower-case Roman, upper-case Greek, lower-case Greek, superscripts, sub-
scripts, symbols, and abbreviations, Then the symbols O( ), o( ), and ~ that
are used to denote the order of a quantity are explained.

Upper-case Roman

At van Driest constant (Eq. (7.145))

A control surface bounding V

B log-law constant (Eq. (7.43))

B, constant in the velocity-defect law (Eq. (7.50))

B, Loitsyanskii integral (Eq. (6.92))

B, log-law constant for fully-rough walls (Eq. (7.120))

B(s/év) log-law constant for rough walls (Eq. (7.121))

C Kolmogorov constant related to E(kx) (Eq. (6.16))

Co coefficient in the Langevin equation (Egs. (12.26) and
(12.100))

C Kolmogorov constant related to Eq;(x;) (Eq. (6.228))

Ci Kolmogorov constant related to Ex(x;) (Eq. (6.231))

& - Kolmogorov constant related to D;; (Eq. (6.30))

C; constant in the IP model (Eq. (11.129))

& constant in the model equation for o (Eq. (12.194))

Ce LES dissipation coefficient (Eq. (13.285))

Ce skin-friction coefficient (1,./(3pU?))

Cr Rotta constant (Eq. (11.24))

Cs Smagorinsky coefficient (Eq. (13.128))

G constant in Reynolds-stress transport models

(Eq. (11.147))
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Nomenclature

Cl!
Ccl s Ca2
C,

C,

Cs

Co

C(u | C(uZ
Co

c;

D

D,

Dy (s)

constant in the model equation for ¢ (Eq. (11.150))
constants in the model equation for ¢ (Eq. (10.53))
turbulent-viscosity constant in the k—& model

(Eq. (10.47))

LES eddy-viscosity coefficient (Eq. (13.286))

constant in the IEM mixing model (Eq. (12.326))
constant in the definition of Q (Eq. (12.193))
constants in the model equation for @ (Eq. (10.93))
Kolmogorov constant (Eq. (12.96))

cross stress (Eq. (13.101))

pipe diameter

second-order velocity structure function (Eq. (6.23))
second-order Lagrangian structure function (Eq. (12.95))
longitudinal second-order velocity structure function
longitudinal third-order velocity structure function
(Eq. (6.86))

transverse second-order velocity structure function
nth-order longitudinal velocity structure function
(Eq. (6.304))

substantial derivative (¢/dt 4+ U - V)

mean substantial derivative (¢/0t + (U) + V)
substantial derivative based on filtered velocity
Cartesian coordinate system with basis vectors e;
Cartesian coordinate system with basis vectors ¢;
kinetic energy (%U - U)

kinetic energy of the mean flow (3(U) - (U))

kinetic energy flow rate of the mean flow
energy-spectrum function (Eq. (3.166))
one-dimensional energy spectrum (Eq. (6.206))
energy-spectrum function of filtered velocity (Eq. (13.62))
frequency spectrum (defined for positive frequencies,
Eq. (3.140))

frequency spectrum (defined for positive and negative
frequencies, Eq. (E.31))

determinant of the normalized Reynolds stress

(Eq. (11.52)) :

cumulative distribution function (CDF) of U (Eq. (3.7))
velocity-defect law (Eq. (7.46))

Fourier transform (Eq. (D.1))

inverse Fourier transform (Eq. (D.2))
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Fourier integral operator (Eq. (6.116))
coefficient in the GLM (Egs. (12.26) and (12.110))
LES filter function

LES filter transfer function

shape factor (6°/8)

Heaviside function (Eq. (C.33))

identity matrix

indicator function for intermittency (Eq. (5.299))
principal invariants of the second-order tensor s
(Egs. (B.31)-(B.33))

kurtosis of the longitudinal velocity derivative
kurtosis of ¢

Knudsen number

modified Bessel function of the second kind
lengthscale (k%/a)

lengthscale (4 /&)

longitudinal integral lengthscale (Eq. (3.161))
lateral integral lengthscale (Eq. (6.48))
characteristic lengthscale of the flow

length of side of cube in physical space

resolved stress (Eq. (13.252))

Leonard stress (Eq. (13.100))

momentum flow rate of the mean flow

scaled composite rate-of-strain tensor (Eq. (13.255))

normalized nth moment of the longitudinal velocity
derivative (Eq. (6.303))

Mach number

normal distribution with mean p and variance ¢°
quantity of big order A

quantity of little order A

pressure (Eq. (2.32))

probability of event A

particle pressure (Eq. (12.225))

projection tensor (Eq. (6.133))

production: rate of production of turbulent kinetic
energy (Eq. (5.133))

rate of production of Reynolds stress (Eq. (7.179))

rate of production of residual kinetic energy
(Eq. (13.123))
rate of production of scalar variance (Eq. (5.282))



XX1V Nomenclature

R pipe radius

R(s) autocovariance (Eq. (3.134))

Ri;(r, x;1) two-point velocity correlation (Eq. (3.160))

st(lf) Fourier coefficient of two-point velocity correlation
(Eq. (6.152))

Ry turbulent Reynolds number (Eq. (5.85))

R; Taylor-scale Reynolds number (Eq. (6.63))

Re Reynolds number

Re Reynolds number (2U&/v)

Reg Reynolds number (Uyd/v)

Re; turbulence Reynolds number (k'/2L/v = k?/(ev))

Rer turbulence Reynolds number (v'L;;/v)

Re, Reynolds number (Uyx/v)

Re; Reynolds number (Uyd/v)

Re;s- Reynolds number (Uyd™/v)

Rey Reynolds number (Uy0/v)

Re, Reynolds number based on friction velocity (u.0/v)

Rij pressure-rate-of-strain tensor (Eq. (7.187))

R SGS Reynolds stress (Eq. (13.102}))

RY redistribution term (anisotropic part of I1;;, Eq. (11.6))

Rii(v, x,1) conditional pressure-rate-of-strain tensor (Eq. (12.20))

’R,f]e) redistribution term used in elliptic-relaxation model
(Eq. (11.198))

RE rapid pressure-rate-of-strain tensor (Eq. (11.13))

Rij} slow pressure-rate-of-strain tensor

S spreading rate of a free shear flow

S velocity-derivative skewness (Eq. (6.85))

S(¢) chemical source term (Eq. (12.321))

S’ velocity structure function skewness (Eq. (6.89))

S rate-of-strain tensor (3(0U,;/dx; + 0U;/dx,))

S: mean rate-of-strain tensor (1(3(U;)/dx; + 0(U;)/dx;))

S normalized mean rate-of-strain tensor ((k/e)S;;)

?jij filtered rate-of-strain tensor (Eq. (13.73))

Sii doubly filtered rate-of-strain tensor

Si(r,t) two-point triple velocity correlation (Eq. (6.72))

Se skewness of ¢

So mean source of turbulence frequency (Eq. (12.184))

S

characteristic mean strain rate (25,5,)? (S = 8(U,)}/dx,
in simple shear flow)
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S filtered rate-of-strain invariant (2§,-J-§,-j)5

S doubly filtered rate-of-strain invariant (25;5,;)?

S(x) sphere in wavenumber space of radius «

S; principal mean strain rate: largest eigenvalue of §;

T time interval

T turbulent timescale defined by Eq. (11.163)

T(x) rate of energy transfer to Fourier mode of wavenumber
x from other modes (Eq. 6.162)

Thij flux of Reynolds stress (Eq. (7.195))

T,ff.’j) flux of Reynolds stress due to fluctuating pressure
(Eq. (7.193))

Tk(f’;) isotropic flux of Reynolds stress due to fluctuating
pressure (Eq. (11.140))

Y flux of Reynolds stress due to turbulent convection
((ukuiuj>)

Tk(,-"j) diffusive flux of Reynolds stress (Eq. (7.196))

T Lagrangian integral timescale (Eq. (12.93))

T(¢) rate of transfer of energy from eddies larger than ¢ to
those smaller than ¢

Ter rate of transfer of energy from large eddies to small
eddies

Toi rate of transfer of energy into the dissipation range
(£ < fpy) from larger scales

Ul(t) random process

U(x,t) Eulerian velocity

Ux,y,z2) x component of velocity

Ulx,r,0) x component of velocity

U bulk velocity in channel (Eq. (7.3)) and pipe flow
(Eq. (7.94))

U*(r) fluid-particle velocity

U(r) model for the fluid-particle velocity

U(x,1) filtered (resolved) velocity field

U mean centerline velocity in channel and pipe flow

Us(x) mean centerline velocity in a jet

Us(x) freestream velocity

U.(x) characteristic convective velocity

U; jet-nozzle velocity

Uy velocity of high-speed stream in a mixing layer

U velocity of low-speed stream in a mixing layer

U(x) characteristic velocity difference



Nomenclature

Vix,r,0)
Vix,y,z)

Wi(r)

W (1)
Wi(x,r,0)
Wi(x,y,z)
X, Y)

X'(1)

é(t)

€;

fo

fi f
f(r, 1)
f(v)
fV;x,1)
f'(V;x1)
f"(Vix,r)
f(Vix;p)
f(V;x,1)
z(V,H;x,t)
fV.;x,1)
fa(Val W)

characteristic velocity scale of the flow

sample space variable corresponding to U

sample space variable corresponding to velocity U
r component of velocity

y component of velocity

control volume in physical space bounded by A
Wiener process

vector-valued Wiener process

0 component of velocity

z component of velocity

fluid-particle position: position at time ¢ of fluid particle
that is at ¥ at the reference time ¢,

model for fluid-particle position (Eq. (12.108))
fluid particle position at the reference time t,

Lower-case Roman

drift coefficient of a diffusion process (Eq. (J.27))
anisotropic Reynolds stresses ((uu;) — %ké,j)
direction cosines (Eqg. (A.11))

LES filter constant (Eq. (13.77))

diffusion coefficient of a diffusion process (Eq. (J.27))
normalized Reynolds-stress anisotropy (a;;/(2k))
skin-friction coefficient (z,,/(1pU3))

Smagorinsky coefficient (Eq. (13.253))

jet-nozzle diameter

unit wavevector (Eq. (11.84))

unit vector in the i-coordinate direction

friction factor (Eq. (7.97))

self-similar mean axial velocity profile

longitudinal velocity autocorrelation function (Eq. (6.45))
probability density function (PDF) of U (Eq. (3.14))
Eulerian PDF of velocity (Eq. (3.153))

fine-grained Eulerian PDF of velocity (Eq. (H.1))
modelled Eulerian PDF of velocity (Eq. (12.116))
conditional PDF of particle velocity (Eq. (12.205))
filtered density function (Eq. (13.287))

joint PDF of velocity and turbulence frequency
velocity-composition joint PDF

PDF of U, conditional on U; = V; (Eq. (3.95))
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fu(V,x;t|Y) Lagrangian velocity—position joint PDF (Eq. (12.76))

fi(V,x;t) joint PDF of U’(r) and X'(¢)

fulyp;x,t) non-turbulent conditional PDF of scalar ¢(x, 1)

fr(y:x,1) turbulent conditional PDF of scalar ¢(x,t)

fo(y") law of the wall (Eq. (7.37))

fx(x;t]Y) PDF of fluid-particle position

fx(x;0) PDF of X(¢)

fu damping function in k—¢ model (Eq. (11.155))

folw:x,0) PDF of scalar ¢(x,t)

fol(0;x,1) PDF of turbulence frequency

g, 2 self-similar shear-stress profile in a free shear flow

g gravitational acceleration

g gravitational force per unit mass

g(r,r) transverse velocity autocorrelation function (Eq. (6.45))

g(v;x, 1) Eulerian PDF of the fluctuating velocity

h, h self-similar mean lateral velocity profile

h grid spacing

k turbulent kinetic energy (3 (u - #))

k(r,t) longitudinal two-point triple correlation (Eq. (6.73))

k. residual kinetic energy (Eq. (13.92))

K (ica o) turbulent kinetic energy in the wavenumber range
(K:aa Kb)

[ lengthscale defined as vy /v

4 lengthscale

1 characteristic eddy size

4y lengthscale of the largest eddies

fo; demarcation lengthscale between the dissipation range
(£ < fp;) and the inertial subrange (¢ > ¢py)

fgp demarcation lengthscale between the energy-containing
range of eddies (¢ > fg;) and smaller eddies (£ < £gy)

b mixing length (Eq. (7.91))

ot mixing length in wall units (£,/9,)

s Smagorinsky lengthscale (Eq. (13.128))

£, (x) distance between x and the nearest solid surface

m(x) mass flow rate of the mean flow

n unit normal vector

o(h) small order / (Eq. (J.34))

p exponent in power-law spectrum (Eq. (G.5))

p(x, 1) modified pressure

p'(x,1) fluctuating (modified) pressure
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p™(x, 1) harmonic pressure (Eq. (2.49))

p(x, 1) rapid pressure (Eq. (11.11))

p¥(x, 1) slow pressure (Eq. (11.12))

po(x) freestream pressure

Pw(X) wall pressure

q exponent in power-law structure function (Eq. (G.6))

r radial coordinate

ri2(x) half-width of jet or wake

s time interval

s lengthscale of wall roughness

Sij fluctuating rate-of-strain tensor (21(8ui/8xj + du;/0x;))

t time

u x component of fluctuating velocity

u(f) characteristic velocity of an eddy of size /¢

u(x,t) fluctuating velocity

i(k,t) Fourier coefficient of velocity (Eg. (6.102))

' r.m.s. velocity .

u () fluctuating component of particle velocity (Eq. (12.207))

ut mean velocity normalized by the friction velocity

u'(x,t) residual (SGS) velocity field (Eq. (13.3))

up(x) r.m.s. axial velocity

tp velocity scale of the largest eddies

u, propagation velocity of the viscous superlayer

U, Kolmogorov velocity (Eq. (5.151))

U, friction velocity (m)

v y or r component of fluctuating velocity

v sample space variable corresponding to u

w z or 6 component of fluctuating velocity

w(y/6) law of the wake function (Eq. (7.149))

X position

X Cartesian or polar cylindrical coordinate

Xo virtual origin

y Cartesian coordinate

y* distance from the wall normalized by the viscous
lengthscale, &,

Yo (x) cross-stream location in mixing layer (also ygo(x) etc.,
see Eq. (5.203))

Y12(x) half-width of jet or wake

Vo distance from the wall at which wall functions are

applied
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half-width of scalar profile
Cartesian coordinate

Upper-case Greek

molecular diffusivity

gamma function (Eq. (3.67))

effective diffusivity (I't 4+ I')

turbulent diffusivity (Eq. (4.42))

filter width

grid filter width in the dynamic model

test filter width in the dynamic model
effective width of combined test and grid filters
(Eq. (13.247))

temporal increment operator (Eq. (J.4))

filter width in direction i

longitudinal velocity increment (Eq. (6.305))
wake-strength parameter (Eq. (7.148))
velocity—pressure-gradient tensor (Eq. (7.180))

universal velocity-gradient function for channel flow
(Eq. (7.31))

kinetic energy of Fourier mode with wavenumber
(Eq. (6.103))

velocity-spectrum tensor (Eq. (3.163))

gravitational potential (¢ = —V¥)

characteristic function (Eq. (I.1))

characteristic mean rotation rate (2€;,€);;)"/2
conditional mean turbulence frequency (Eq. (12.193))
rate-of-rotation tensor (3(0U;/dx; — 0U;/0x;))

mean rate-of-rotation tensor (3(0(U;)/dx; — d(U,)/dx;))
normalized mean rate-of-rotation tensor ((k/&)€2;)
rate of rotation of coordinate axes (Eq. (2.97))

Lower-case Greek

constant in the exponential spectrum (Eq. (6.253))
intermittency factor (Eq. (5.300))

half-height of channel

Dirac delta function

characteristic flow width
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o(x) boundary-layer thickness

6" (x) displacement thickness

Si Kronecker delta (Eq. (A.1))

Orcn’ Kronecker delta defined by Eq. (6.111)

d, viscous lengthscale (Eq. (7.26))

€ error

P rate of dissipation of turbulent kinetic energy (2v(s,s;))

. o ou; Ou;

& pseudo-dissipation (v<5;; 5—);;))

E(iaicy) dissipation in the wavenumber range (x,, k)

€0 instantaneous dissipation rate (2vs;;s;;)

By one-dimensional surrogate for & (Eq. (6.314))

o Ou; Ou;

&ij dissipation tensor (2v(5x—k 5);)

Eiji alternating symbol (Eq. (A.56))

&;(v, X, 1) conditional dissipation tensor (Eq. (12.21))

ey (1, x,1) conditional scalar dissipation rate (Eq. ( 12.346))

& average of & over volume of radius r (Eq. (6.313))

& one-dimensional surrogate for ¢ (Eq. (6.315))

& scalar dissipation rate (Eq. (5.283))

$n nth-order structure function exponent (Eq. (6.307))

n Kolmogorov lengthscale (Eq. (5.149))

n normalized lateral coordinate in free shear flows

n invariant of the Reynolds-stress anisotropy tensor
(Eq. (11.28))

6 circumferential coordinate

) sample-space variable corresponding to @*

A(x) displacement thickness (Eq. (7.127))

9 specific volume (3 = 1/p)

K von Karman constant (Eq. (7.43))

K wavenumber

K wavenumber vector

K(1) time-dependent wavenumber vector (Eq. (11.80))

Ko lowest wavenumber

Ke filter cutoff wavenumber (x. = n/A)

Kpl demarcation wavenumber between the dissipation range
(¢ > kpr) and the inertial subrange (x < xp)

KEI demarcation wavenumber between the energy-containing
range (k < kg;) and the inertial subrange (x > xg)

A mean free path
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p(s)
P
Pw

longitudinal Taylor microscale (Eq. (6.53))
transverse Taylor microscale (Eq. (6.57))

viscosity

internal intermittency exponent (Eq. (6.317))

mean of a distribution

nth central moment (Eq. (3.25))

standardized nth central moment (Eq. (3.37))
kinematic viscosity (v = u/p)

effective viscosity (vr + v)

residual (SGS) eddy viscosity (Eq. (13.127))
turbulent viscosity (Eq. (4.45))

normalized lateral coordinate in free shear flows
invariant of the Reynolds-stress anisotropy tensor
(Eq. (11.29))

density

autocorrelation function (Eq. (3.135))

correlation coefficient between u; and u, (Eq. (3.93))
correlation coefficient between u and v (Eq. (3.93))
standard deviation

Prandtl number

turbulent Prandtl number for kinetic energy (Eq. (10.41))
turbulent Prandtl number (v;/T'y)

r.m.s. fluid-particle dispersion (Eq. (12.149))
turbulent Prandtl number for dissipation (Eq. (10.53))
turbulence timescale (k/¢)

integral timescale (Eq. (3.139))

characteristic timescale of an eddy of size /¢

total shear stress in simple shear flow (Eq. (7.10))
timescale of largest eddies (uy/ %)

stress tensor (Eq. (2.32))

residual (SGS) stress tensor (Eq. (13.90))
deviatoric residual (SGS) stress tensor (Eq. (13.93))
wall shear stress

Kolmogorov timescale (Eq. (5.150))

scalar timescale ((¢?)/e,)

conserved passive scalar

self-similar profile of a conserved passive scalar
sample-space variable corresponding to ¢

Stokes stream function (Eq. (5.86))

frequency



w turbulence frequency &/k

w(x,1) vorticity (@ =V x U)
w? enstrophy (? = w * )
w’(t) model for turbulence frequency

Superscripts

¢ complex conjugate of ¢
oF indicates Lagrangian variable (Eq. (2.9))
b(x) indicates Fourier coefficient at wavenumber x of
function ¢(x) (Eq. (6.113))

qAB indicates standardizeq random variable or PDF
¢ rate of change of ¢ (¢ = d¢/dr)
¢’ fluctuating component (¢’ = ¢ — (¢))
o' conditional turbulent r.m.s. of ¢ (Eq. (5.304))
Oy conditional non-turbulent r.m.s. of ¢
f’ derivative (f'(x) = df(x)/dx)
u residual (from filtering, Eq. (13.3))
v'(x) component of v(x) parallel to k (Eq. (6.129))
v (x) component of #(x) perpendicular to x (Eq. (6.131))
A’ transpose of 4
U filtered quantity (filter width A or A)
l:] filtered quantity (filter width g)
U filtered quantity (filter width A)

Subscripts
(Q) ¢ volume average of Q(x) over a cube of side £

(Eq. (3.175))
(Q)w mean of @ over an ensemble of N samples (Eq. (3.108))
(On non-turbulent conditional mean of @
Qp quantity evaluated at y, in wall functions
(Q)r time average of Q(t) over time interval T (Eq. (3.173))
D turbulent conditional mean of Q
(Q), quantity evaluated at y
Symbols

det(A) determinant of A

fo ]

3(z) imaginary part of z
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k0

max(a, b)
min(a, b)
R(z)
sdev(U)
trace(A)
var(U)

\

V-

Vx

V2

X

$0 )ast)
(@)
(QIV)
vy
f~g

ASM

CFD

DFT

DNS

FFT

GLM

IEM

iid.

IP

LES
LES-NWM
LES-NWR
LIPM
LMSE
LRR

PDF
POD
RANS

Nomenclature XXXx111

the limit as the positive quantity / tends to zero

the greater of a and b

the lesser of @ and b

real part of z

standard deviation of U (Eq. (3.24))
trace of tensor 4 (Eq. (B.3))
variance of U (Eq. (3.23))
gradient operator (Eq. (A.48))
divergence operator (Eq. (A.52))
curl operator (Eq. (A.60))
Laplacian operator (Eq. (A.53))
vector cross product (Eq. (A.57))

integral over the surface of the sphere of radius r

mean or expectation of @
mean of @ conditional on U =V (Eq. (3.97))

the random variable U has the distribution f
f varies as (or scales with) g

Abbreviations

algebraic stress model

computational fluid dynamics

discrete Fourier transform

direct numerical simulation

fast Fourier transform

generalized Langevin model
interaction by exchange with the mean
independent and identically distributed
1sotropization of production
large-eddy simulation

LES with near-wall modelling

LES with near-wall resolution
Lagrangian isotropization of production model
linear mean-square estimation

Reynolds-stress model of Launder, Reece, and Rodi
(1975)

probability density function
proper orthogonal decomposition
Reynolds-averaged Navier—Stokes



XXX1V Nomenclature

RDT rapid distortion theory

r.m.s. root-mean square

SGS subgrid scale

SLM simplified Langevin model

SSG Reynolds-stress model of Speziale, Sarkar, and Gatski
(1991)

VLES very-large-eddy simulation

Use of symbols for order and scaling

The statement that ‘the variable f is of order g’ has different meanings
depending on the context and the type of ‘order’ implied. The symbols O(h)
(read ‘big order A’ or ‘big O of k’) and o(h) (read ‘little order /’ or ‘little O
of /') indicate quantities, dependent on A, such that

lim % = A4, for |4]| < oo,
-0 h

. o(h)
— =0,
lim 2

h—0

Thus, for example, the Taylor series for a function f(x) can be written

flx+h) = f(x) + hf'(x) + O(W)
= f(x) + hf'(x) + o(h).

In the expression f(h) ~ h?, the symbol ~ can be read ‘varies as’ or ‘scales
with’, and it indicates that the quantity f(h)/h is approximately constant
(possibly over a limited range of h). In some contexts this type of relation is
also stated as *f(h) is of order h?’: for example, the FFT of N data points
can be computed in of order Nlog N operations.

A statement such as ‘f is of order 100’ is used to indicate the approximate
magnitude of f to the nearest power of ten. Thus, in this case, the value of
fis roughly between 30 and 300.
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Introduction

.1 The nature of turbulent flows

There are many opportunities to observe turbulent flows in our everyday
surroundings, whether it be smoke from a chimney, water in a river or
waterfall, or the buffeting of a strong wind. In observing a waterfall, we
immediately see that the flow is unsteady, irregular, seemingly random and
chaotic, and surely the motion of every eddy or droplet is unpredictable. In
the plume formed by a solid rocket motor (see Fig. 1.1), turbulent motions
of many scales can be observed, from eddies and bulges comparable in size
to the width of the plume, to the smallest scales the camera can resolve. The
features mentioned in these two examples are common to all turbulent flows.

More detailed and careful observations can be made in laboratory exper-
iments. Figure 1.2 shows planar images of a turbulent jet at two different
Reynolds numbers. Again, the concentration fields are irregular, and a large
range of length scales can be observed.

As implied by the above discussion, an essential feature of turbulent flows
is that the fluid velocity field varies significantly and irregularly in both
position and time. The velocity field (which is properly introduced in Section
2.1) is denoted by U(x,t), where x is the position and ¢ is time.

Figure 1.3 shows the time history U,(z) of the axial component of velocity
measured on the centerline of a turbulent jet (similar to that shown in
Fig. 1.2). The horizontal line (in Fig. 1.3) shows the mean velocity denoted
by (U,), and defined in Section 3.2. It may be observed that the velocity
U,(r) displays significant fluctuations (about 25% of (U,)), and that, far
from being periodic, the time history exhibits variations on a wide range of
timescales. Very importantly, we observe that U,(z) and its mean (U,) are in
some sense ‘stable’: huge variations in U,(t) are not observed; neither does
U,(r) spend long periods of time near values different than (U,).
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Fig. 1.1. A photograph of the turbulent plume from the ground test of a Titan IV
rocket motor. The nozzle’s exit diameter is 3 m, the estimated plume height is 1,500 m,
and the estimated Reynolds number is 200 x 10°. For more details see Mungal and
Hollingsworth (1989). With permission of San Jose Mercury & News.

Figure 1.4 shows thelproﬁle of the mean velocity (U;) measured in a
similar turbulent jet as a function of the cross-stream coordinate x,. In
marked contrast to the velocity U,, the mean velocity (U;) has a smooth
profile, with no fine structure. Indeed, the shape of the profile is little different
than that of a laminar jet.

In engineering applications turbulent flows are prevalent, but less easily
seen. In the processing of liquids or gases with pumps, compressors, pipe
lines, etc., the flows are generally turbulent. Similarly the flows around
vehicles — e.g., airplanes, automobiles, ships, and submarines — are turbulent.
The mixing of fuel and air in engines, boilers, and furnaces, and the mixing
of the reactants in chemical reactors take place in turbulent flows.
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(b)

Fig. 1.2. Planar images of concentration in a turbulent jet: (a) Re = 5.000 and
(b) Re = 20,000. From Dahm and Dimotakis (1990) .

U,
(ms-1y*

0.0 0.1 0.2 0.3
1(s)

Fig. 1.3. The time history of the axial component of velocity U(t) on the centerline
of a turbulent jet. From the experiment of Tong and Warhaft (1995).

An important characteristic of turbulence is its ability to transport and
mix fluid much more effectively than a comparable laminar flow. This is well
demonstrated by an experiment first reported by Osborne Reynolds (1883).
Dye is steadily injected on the centerline of a long pipe in which water is
flowing. As Reynolds (1894) later established, this flow is characterized by a
single non-dimensional parameter, now known as the Reynolds number Re.
In general, it is defined by Re = /L /v, where U and L are characteristic
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Fig. 1.4. The mean axial velocity profile in a turbulent jet. The mean velocity (Uy)
is normalized by its value on the centerline, (Uj)o; and the cross-stream (radial}
coordinate X, is normalized by the distance from the nozzle x,. The Reynolds number
is 95,500. Adapted from Hussein, Capp, and George (1994).

velocity and length scales of the flow, and v is the kinematic viscosity of the
fluid. (For pipe flow, I/ and £ are taken to be the area-averaged axial velocity
and the pipe diameter, respectively.) In Reynolds’ pipe-flow experiment, if
Re is less than about 2,300, the flow is laminar ~ the fluid velocity does not
change with time, and all streamlines are parallel to the axis of the pipe. In
this (laminar) case, the dye injected on the centerline forms a long streak
that increases in diameter only slightly with downstream distance. If, on the
other hand, Re exceeds about 4,000, then the flow is turbulent.! Close to the
injector, the dye streak is jiggled about by the turbulent motion; it becomes
progressively less distinct with downstream distance; and eventually mixing
with the surrounding water reduces the peak dye concentration to the extent
that it is no longer visible.

(Visualizations from a reproduction of Reynolds’ experiment, and from
other canonical turbulent flows, are contained in Van Dyke (1982). There is
great educational value in studying this collection of photographs.)

The effectiveness of turbulence for transporting and mixing fluids is of
prime importance in many applications. When different fluid streams are
brought together to mix, it is generally desirable for this mixing to take
place as rapidly as possible. This is certainly the case for pollutant streams

! As the Reynolds number is increased, the transition from laminar to turbulent flow occurs over a
range of Re, and this range depends on the details of the experiment.
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released into the atmosphere or into bodies of water, and for the mixing of
different reactants in combustion devices and chemical reactors.

Turbulence is also effective at ‘mixing’ the momentum of the fluid. As a
consequence, on aircraft’s wing and ships’ hulls the wall shear stress (and
hence the drag) is much larger than it would be if the flow were laminar.
Qimilarly, compared with laminar flow, rates of heat and mass transfer at
solid—fluid and liquid—gas interfaces are much enhanced in turbulent flows.

The major motivation for the study of turbulent flows is the combination
of the three preceding observations: the vast majority of flows is turbulent;
the transport and mixing of matter, momentum, and heat in flows is of great
practical importance; and turbulence greatly enhances the rates of these
processes.

|.2 The study of turbulent flows

Many different techniques have been used to address many different ques-
tions concerning turbulence and turbulent flows. The first step toward pro-
viding a categorization of these studies is to distinguish between small-scale
turbulence and the large-scale motions in turbulent flows.

As is discussed in detail in Chapter 6, at high Reynolds number there is a
separation of scales. The large-scale motions are strongly influenced by the
geometry of the flow (i.e., by the boundary conditions), and they control the
transport and mixing. The behavior of the small-scale motions, on the other
hand, is determined almost entirely by the rate at which they receive energy
from the large scales, and by the viscosity. Hence these small-scale motions
have a universal character, independent of the flow geometry. It is natural
to ask what the characteristics of the small-scale motions are. Can they be
predicted from the equations governing fluid motion? These are questions
of turbulence theory, which are addressed in the books of Batchelor (1953),
Monin and Yaglom (1975), Panchev (1971), Lesieur (1990), McComb (1990),
and others, and that are touched on only slightly in this book (in Chapter
6).

The focus of this book is on rurbulent flows, studies of which can be
divided into three categories.

(i) Discovery: experimental (or simulation) studies aimed at providing
qualitative or quantitative information about particular flows.

(i) Modelling: theoretical (or modelling) studies, aimed at developing
tractable mathematical models that can accurately predict properties
of turbulent flows.
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(iii) Control: studies (usually involving both experimental and theoretical
components) aimed at manipulating or controlling the flow or the
turbulence in a beneficial way — for example, changing the boundary
geometry to enhance mixing; or using active control to reduce drag.

The remainder of Part I of this book is based primarily on studies in the
first category, the objective being to develop in the reader an understanding
for the important characteristics of simple turbulent flows, of the dominant
physical processes, and how they are related to the equations of fluid motion.
The description of turbulent flows contained in Part I is not comprehensive:
additional material can be found in the books of Monin and Yaglom (1971),
Townsend (1976), Hinze (1975), and Schlichting (1979).

For studies in the second category, that aim at developing tractable math-
ematical models, the word ‘tractable’ is crucial. For fluid flows, be they
laminar or turbulent, the governing laws are embodied in the Navier—Stokes
equations, which have been known for over a century. (These equations
are reviewed in Chapter 2.) Considering the diversity and complexity of
fluid flows, it is quite remarkable that the relatively simple Navier—Stokes
equations describe them accurately and in complete detail. However, in the
context of turbulent flows, their power is also their weakness: the equations
describe every detail of the turbulent velocity field from the largest to the
smallest length and time scales. The amount of information contained in the
velocity field is vast, and as a consequence (in general) the direct approach
of solving the Navier-Stokes equations is impossible. So, while the Navier—
Stokes equations accurately describe turbulent flows, they do not provide a
tractable model for them.

The direct approach of solving the Navier-Stokes equations for turbu-
lent flows is called direct numerical simulation (DNS), and is described in
Chapter 9. While DNS is intractable for the high-Reynolds-number flows of
practical interest, it is nevertheless a powerful research tool for investigating
simple turbulent flows at moderate Reynolds numbers. In the description
of wall-bounded flows in Chapter 7, DNS results are used extensively to
investigate the physical processes involved.

For the high-Reynolds-number flows that are prevalent in applications,
the natural alternative is to pursue a statistical approach. That is, to describe
the turbulent flow, not in terms of the velocity U(x, ), but in terms of some
statistics, the simplest being the mean velocity field (U(x,1)). A model based
on such statistics can lead to a tractable set of equations, because statistical
fields vary smoothly (if at all) in position and time. In Chapter 3 we present
the concepts and techniques used in the statistical representation of turbulent
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flow fields; while in Part IT we describe statistical models that can be used to
calculate the properties of turbulent flows. The approaches described include:
turbulent viscosity models, e.g., the k—& model (Chapter 10); Reynolds-stress
models (Chapter 11); models based on the probability density function (PDF)
of velocity (Chapter 12); and large-eddy-simulations (LES) (Chapter 13).

The statistical models described in Part II can be used in some studies in
the third category mentioned above - that is, studies aimed at manipulating
or controlling the flow or the turbulence. However, such studies are not
explicitly discussed here. '

A broad range of mathematical techniques is used to describe and model
turbulent flows. Appendices on several of these techniques are provided to
serve as brief tutorials and summaries. The first of these is on Cartesian
tensors, which are used extensively. The reader may wish to review this
material (Appendix A) before proceeding. There are exercises throughout
the book, which provide the reader with the opportunity to practice the
mathematical techniques employed. Most of these exercises also contain
additional results and observations. A list of nomenclature and abbreviations
is provided on page xxi.



2
The equations of fluid motion

In this chapter we briefly review the Navier-Stokes equations which gov-
ern the flow of constant-property Newtonian fluids. More comprehensive
accounts can be found in the texts of Batchelor (1967), Panton (1984), and
Tritton (1988). Two topics that are important in the study of turbulent flows,
that are not extensively discussed in these texts, are the Poisson equation
for pressure (Section 2.5), and the transformation properties of the Navier—
Stokes equations (Section 2.9). The equations of fluid motion are expressed
either in vector notation or in Cartesian tensor notation, which is reviewed
in Appendix A.

2.1 Continuum fluid properties

The idea of treating fluids as continuous media is both natural and familiar.
It is, however, worthwhile to review the continuum hyporhesis — that reconciles
the discrete molecular nature of fluids with the continuum view — so as to
avoid confusion when quantities such as “fluid particles’ and ‘infinitesimal
material elements’ are introduced.

The length and time scales of molecular motion are extremely small
compared- with human scales. Taking air under atmospheric conditions as
an example, the average spacing between molecules is 3 x 107° m, the mean
free path, 4, is 6 x 1078 m, and the mean time between successive collision
of a molecule is 107!° 5. In comparison, the smallest geometric length scale
in a flow, /4, is seldom less than 0.1 mm = 10~* m, which, for flow velocities
up to 100 m s7!, yields a flow timescale larger than 10~° s. Thus, éven for
this example of a flow with small length and time scales, these flow scales
exceed the molecular scales by three or more orders of magnitude.

EIVAY
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The separation of the length scales is quantified by the Knudsen number
Kn= /4. (2.1)

In the above example, Kn is less than 10, while in general the continuum
approach is appropriate for Kn < 1.

For very small Kn, because of the separation of scales, there exist interme-
diate length scales £, such that £° is large compared with molecular scales,
yet small compared with flow scales (ie., A < £° < f). Roughly speaking,
the continuum fluid properties can be thought of as the molecular properties
averaged over a volume of size V = £*. Let V, denote a spherical region of
volume V centered on the point x. Then, at time ¢, the fluid’s density p(x,1)
is the mass of molecules in V,, divided by V.

Similarly the fluid’s velocity U(x,t) is the average velocity of the molecules
within V.. Because of the separation of scales, the dependence of the contin-
uum properties on the choice of £° is negligible.

(While the approach presented in the previous paragraph is standard (see,
e.g., Batchelor (1967) and Panton (1984)), as Exercise 2.1 illustrates, more
care is needed to provide a proper definition of the continuum properties in
terms of averaging over a scale £°. In fact, continuum fields are best defined
as expectations of molecular properties, see Chapter 12.)

It is important to appreciate that, once we invoke the continuum hypothe-
sis to obtain continuous fields, such as p(x,t) and U(x,t), we can leave behind
all notions of the discrete molecular nature of the fluid, and molecular scales
cease to be relevant. We can talk meaningfully of ‘the density at x,t, even
though (in the microscopic view) in all likelihood there is no matter at (x, ).
Similarly, we can consider differences in properties over distances smaller
than molecular scales: indeed we do so when we define gradients,

% . (1
Eﬁ = lim (— lo(x; + h, x5, x3,1) — P(xl,xz,xa,f)])- (2.2)
X1 h—0 \ h
EXERCISE
2.1 In the flow of an ideal gas, let m", x'"(z) and #”(r) be the mass,

position, and velocity of the ith molecule. As a generalization of the
standard continuum hypothesis, consider the definition

Z‘m(i)u“)K(lr“‘)l)
)= &= 2.3
where r'» = ¥ — x, and K(r) is a smooth kernel such as

K(r) = exp(—3r*/€?), (2.4)



with £* being a specified length scale. Show that the velocity gradients
are
oU, . Z:‘ m(;—)(u[((i) _ Uk)K/(ir(i)i)rg)/lr(i”

- ] ; 3 2.5
ox, > MK ([r)) (2.5)

where K'(r) = dK(r)/dr.

(Evidently, the continuum field defined by Eq. (2.3) inherits the
mathematical continuity properties of the kernel. If, as in the standard
treatment, K (r) is piecewise constant, i.e.,

. ifr<e
= =c 2.6
K(r) {Q if r> ¢, (2.6)

then Ul(x,t) is piecewise constant, and hence not continuously differ-
entiable.)

2.2 Eulerian and Lagrangian fields

The continuum density and velocity fields, p(x,t) and Ul(x,t), are Eulerian
fields in that they are indexed by the position x in an inertial frame. The
starting point for the alternative Lagrangian description is the definition of
a fluid particle — which is a continuum concept. By definition, a fluid particle
is a point that moves with the local fluid velocity: X*(z, Y) denotes the
position at time ¢ of the fluid particle that is located at Y at the specified
fixed reference time t,, see Fig. 2.1. Mathematically, the fluid particle position

X+(r1’Y)7

Fig. 2.1. A sketch of the trajectory X' (1, ¥) of a fluid particle in x-—t space, showing
its position Y at the reference time to. and at a later time #,.
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X1t(1, Y) is defined by two equations. First, the position at the reference time
1o is defined to be

Xt Y)=Y. (2.7)

Second, the equation

% X+, ¥) = UX*( Y),0), (28)

expresses the fact that the fluid particle moves with the local fluid velocity.
Given the Eulerian velocity field U(x,t), then, for any ¥, Eq. (2.8) can be
integrated backward and forward in time to obtain X" (s, ¥) for all «.

Lagrangian fields of density and velocity, for example, are defined in terms
of their Eulerian counterparts by

pt(t, Y) = p(X7(t, ¥),1), (2.9)

Utt, V)= UX*H(t, Y),0). (2.10)

Note that the Lagrangian fields p™ and U* are indexed not by the current
position of the fluid particle, but by its position Y at the reference time ¢,.
Hence, Y is called the Lagrangian coordinate or the material coordinate.

For fixed Y, X*(t, Y) defines a trajectory (in x—t space) that is the fluid-
particle path, and similarly p*(t, Y) is the fluid-particle density. The partial
derivative dp*(t, Y)/0t is the rate of change of denmsity at fixed Y, ie,
following a fluid particle. From Eq. (2.9) we obtain

%pﬂnYﬁ=ﬁMXﬂnYLﬂ
(pun) +EXWWUCQWH0
x=XtrY) G axi ’ =Xt ¥)

(pur+Uun pun)
x=X1(.Y)

(—mua) , 1)
=XH(Y)
where the material derivative, or substantial derivative, is defined by

D

__£+U.i:_a,+U.V_ (2.12)

Thus the rate of change of density following a fluid particle is given by the
partial derivative of the Lagrangian field (i.e., #p*/dt) and by the substantial
derivative of the Eulerian field (i.e., Dp/Dr).
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Similarly, for fixed ¥, U™ (¢, Y) is the fluid particle velocity , and

0 D
_Ut t,Y)={ —Ul(x,t 213
L vt y) (Dt (x ))Hﬂ,,y) (2.13)

is the rate of change of fluid particle velocity, i.e., the fluid particle accelera-
tion.

A fluid particle is also called a material point and we have seen that it
is defined by its position ¥ at time #, and by its movement with the local
fluid velocity (Eq. (2.8)). Material lines, surfaces, and volumes are defined
similarly. For example, consider at time £, a simple closed surface S that
encloses the volume V,. The corresponding material surface S(¢) is defined
to be coincident with &, at time t,, and by the property that every point of
S(t) moves with the local fluid velocity. Thus S(¢) is composed of the fluid
particles X*(z, Y), which at 1, compose the surface Sp:

S ={X"(,Y): Y € S} (2.14)

Because a material surface moves with the fluid, the relative velocity between
the surface and the fluid is zero. Consequently a fluid particle cannot cross
a material surface; neither is there a mass flux across a material surface.

EXERCISE
22 Consider two fluid particles that, at the reference time ¢, are located
at ¥ and Y +dVY, where dY is an infinitesimal displacement. At time
t, the line between the two particles forms the infinitesimal line element

(=X, Y+dY)— X1, V). (2.15)
Show that s(t) evolves by
. ds

dr =s-(V U)x:X+(t,Y)- (2.16)

(Hint: expand U*(t, Y+dY) = U(X™(t, Y)+s(t), t) in a Taylor series.
Since s is infinitesimal, only the leading-order terms need be retained.)

2.3 The continuity equation

The mass-conservation or continuity equation is

g—f+v-(pU):0. (2.17)

The derivation and interpretation of this equation in terms of control volumes
and material volumes should be familiar to the reader and are not repeated
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here. A further useful interpretation is in terms of the specific volume of the
fluid 8(x, 1) = 1/p(x,t). Manipulation of Eq. (2.17) yields

DIn 3

Dt

The left-hand side is the logarithmic rate of increase of the specific volume,
while (as Exercises 2.3 and 2.4 show) the dilatation V- U gives the logarithmic
rate of increase of the volume of an infinitesimal material volume. Hence
the continuity equation can be viewed as a consistency condition between
the change of the specific volume following a fluid particle, and the change
in the volume of an infinitesimal material volume element.

In this book we consider constant-density flows (i.e., flows in which p is
independent both of x and of ¢). In this case the evolution equation Eq. (2.17)
degenerates to the kinematic condition that the velocity field be solenoidal
or divergence-free:

=V-U. (2.18)

V-U=0. (2.19)

EXERCISES
2.3 Let V(t) be a material volume bounded by the material surface S(z).
Show from geometry that the volume of fluid V (¢) within V(t) evolves

b
y dV(t) ] ]3( 220)
H

where d4 is an area element on S(r), and »n is the outward pointing
normal. Use the divergence theorem to obtain

dV(t) /// V- Udx. (2.21)

Show that, for the infinitesimal volume dV(¢) of an infinitesimal
material volume dV,

d
5 IndV(r)=V-U. (2.22)
2.4 The determinant of the Jacobian
OX(t,Y)
J(t,Y) =det| —2—2L 2.23
(L ¥) = de ( v ) (223)

gives the volume ratio between an infinitesimal material volume
dV () at time t, and its volume dV (&) at time ;. To first order in
the infinitesimal dt, show that

X (to+di, ¥) = Yi + Ul(Y,10) dt, (2.24)
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Y ) I ——e
Jto+dt, Y)=1+ (V- U)y,dt. (2.26)
Hence show that
(552 InJ(t, Y)),zro = (V- U)y,, (2.27)
2.5 The volume V(t) defined in Exercise 2.3 can be written

V(r):f/fm dx=]f]w0) J(t, Y)dY. (2.28)

Differentiate the first and last expressions in this equation with
respect to time, and compare the result with Eq. (2.21) to obtain

% 11'1 J(t, Y) == (V * U)X+(J‘,Y) . (2.29)

Hence argue that, in constant-density flows, J(t, ¥) is unity.

2.4 The momentum equation

The momentum equation, based on Newton’s second law, relates the fluid
particle acceleration DU /Dr to the surface forces and body forces experi-
enced by the fluid. In general, the surface forces, which are of molecular
origin, are described by the stress tensor 7;(x,t) - which is symmetric, i.e.,
1;; = 7; The body force of interest is gravity. With W being the gravitational
potential (i.e., the potential energy per unit mass associated with gravity), the
body force per unit mass is

g =—VV. (2.30)

(For a constant gravitational field the potential is ¥ = gz, where g is the
gravitational acceleration, and z is the vertical coordinate.) These forces
cause the fluid to accelerate according to the momentum equation

DUJ _ al',*j oV

"Dr T Pox, (231)

We now specialize the momentum equation to flows of constant-property
Newtonian fluids — the fundamental class of flows considered in this book.
In this case, the stress tensor is

aU, AU,

J i
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where P is the pressure, and u is the (constant) coefficient of viscosity.
Recalling that (for the constant-density flows considered) the velocity field is
solenoidal (i.e., dU;/0x; = 0), we observe that Eq. (2.32) expresses the stress
as the sum of isotropic (—P4d;;) and deviatoric contributions.

By substituting this expression for the stress tensor (Eq. (2.32)) into the
general momentum equation Eq. (2.31) (and exploiting the facts that p and
u are uniform and that V- U = 0), we obtain the Navier-Stokes equations

DU,  &U;, P ¥

= — — : 2.
Dt # ox;0x;  0x; p 0x; (2.33)
Further, defining the modified pressure, p, by
p=P+p¥, (2.34)
this equation simplifies to
DU 1
——=—=V ViU, )
Dr ’ p+v (2.35)

where v = pu/p is the kinematic viscosity. In summary: the flow of constant-
property Newtonian fluids is governed by the Navier-Stokes equations
Eqg. (2.35) together with the solenoidal condition V - U = 0 stemming from
mass conservation.

At a stationary solid wall with unit normal n, the boundary conditions
satisfied by the velocity are the impermeability condition

n-U=0, (2.36)
and the no-slip condition
U—nn-U)=0, (2.37)

(which together yield U = 0).
It 1s sometimes useful to consider the hypothetical case of an ideal (inviscid)
fluid, which is defined to have the isotropic stress tensor

Tij = —Pé,‘j. (238)

The conservation of momentum is given by the Euler equations

DU 1

- =-_V 2.39

O 5 VP (2.39)
which follow from Egs. (2.31), (2.34), and (2.38). Because the Euler equations
do not contain second spatial derivatives of velocity, they require different
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boundary conditions than those of the Navier-Stokes equations. At a sta-
tionary solid wall, for example, only the impermeability condition can be
applied, and in general the tangential components of velocity are non-zero.

While it is preferable to obtain the Euler equations (and other equa-
tions derived from them) directly from the definition of 7;; being isotropic
(Eq. (2.38)), it may nevertheless be observed that the Euler equations can
be obtained from the Navier-Stokes equations by setting v to zero. It is
important to appreciate, however, that v = 0 is a singular limit: solutions to
the Navier-Stokes equations in the limit of vanishing viscosity (v — 0) are
different than solutions to the Euler equations. For one thing, even in this
limit, the equations require different boundary conditions.

2.5 The role of pressure

The role of pressure in the (constant-density) Navier—Stokes equations re-
quires further comment. First we observe that isotropic stresses and conser-
vative body forces have the same effect, which is expressed by the modified
pressure gradient. Hence the body force has no effect on the velocity field
and on the modified pressure field. (This is, of course, in contrast to variable-
density flows, in which buoyancy forces can be important.) Henceforth, we
refer to p simply as ‘pressure’.

We may be accustomed to thinking of pressure as a thermodynamic
variable, related to density and temperature by an equation of state. However,
for constant-density flows, there is no connection between pressure and
density, and a different understanding of pressure is required.

To this end, we take the divergence of the Navier-Stokes equations
Eq. (2.35), without assuming the velocity field to be solenoidal, but instead
writing A for the dilatation rate (i.e, A = V - U). The result is

D 2
(E—VV>A—-R, (2.40)
where
1 oU, oU;
R=_-_-Vp_ 2t =/
p p 5%, O, (2.41)

Consider the solution to Eq. (2.40) with initial and boundary conditions
A = 0. The solution is A = 0 if, and only if, R is zero everywhere, which in
turn implies (from Eq. (2.41)) that p satisfies the Poisson equation
2, 2y,

Vip=S=— .
b S p@xj @xi

(2.42)
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Thus, we conclude that the satisfaction of this Poisson equation is a necessary
and sufficient condition for a solenoidal velocity field to remain solenoidal.
At a stationary, plane solid surface, the Navier—Stokes equations Eq. (2.35)
reduce to
op 0*U,
on Mo
where n is a coordinate in the wall-normal direction, and Uj is the velocity
component normal to the wall. This equation provides a Neumann boundary
condition for the Poisson equation, Eq. (2.42). Given Neumann conditions of
this form, the Poisson equation Eq. (2.42) determines the pressure field p(x, 1)
(to within a constant) in terms of the velocity field at the same instant of time.
Thus, Vp is uniquely determined by the current velocity field, independent
of the flow’s history.
The solution to the Poisson equation Eq. (2.42) can be written explicitly
in terms of Green’s functions. Consider the Poisson equation

Vif(x) = S(x). (2.44)

(2.43)

in a domain V. The source S(x) can be written

S(x) = ]//S(yé(x— )dy, (2.45)

where y is a point in V, and é(x — y) is the three-dimensional Dirac delta
function' at y. A solution to the Poisson equation

Vig(xly) = o(x — y) (2.46)

18
1

g(xly) = m. (2.47)

(As implied by the notation, the solution depends both on x and on the
location of the delta function, y.) When it is multiplied by S(y) and integrated
over V, Eq. (2.46) becomes V’f = S (ie., Eq. (2.44)), and hence Eq. (2.47)
becomes a solution:

o= [[[ semsorar =3 [[[ 0 e

The solution to the Poisson equation for pressure Eq. (2.42) is, therefore,

_ (h) £ 5U1 8U,) dy
pen) =+ 2 f /V ( k) e

! The properties of Dirac delta functions are reviewed in Appendix C.




20 2 The equations of fluid motion

where p®™ is a harmonic function (V?p™ = 0) dependent on the boundary
conditions. (It is possible to express p™ in terms of surface integrals over the
boundary of V, see e.g., Kellogg (1967).)

EXERCISES
2.6 Show that (away from the origin)

2

ﬁxf ax,

Vx| =

(x;x,)71* = 0. (2.50)

2.7 A simple numerical method for solving the Navier-Stokes equations
for constant-property flow advances the solution in small time steps
At, starting from the initial condition U(x,0). On the nth step the
numerical solution is denoted by U"(x), which is an approximation
to U(x,n At). Each time step consists of two sub-steps, the first of

which yields an intermediate result U (HH)(x) defined by

- U oumy
(n+l) _ 7y(n) i _ 0 J
U =U"+ At (v A o Uy ) (2.51)

The second sub-step is

ap™
5xj ’

U = G A

(2.52)

where ¢™(x) is a scalar field.

(a) Comment on the connection between Eq. (2.51) and the

Navier-Stokes equations.
(b) Assuming that U™ is divergence-free, obtain from Eq. (2.51)
an expression (in terms of U'™) for the divergence of A
(c) Ol()tﬁin from Eq. (2.52) an expression for the divergence of
vy,

(d) Hence show that the requirement V- U™ =  is satisfied if,
and only if, ¢$™(x) satisfies the Poisson equation

_auouy

Vol = .
¢ 0x; 0x

(2.53)

(e) What is the connection between ¢™(x) and the pressure?
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2.6 Conserved passive scalars

In addition to the velocity U(x,t), we consider a conserved passive scalar
denoted by ¢(x,t). In a constant-property flow, the conservation equation
for ¢ 1s

D¢

— =TV
Dt b, (2.54)

where I' is the (constant and uniform) diffusivity. The scalar ¢ is conserved,
because there is no source or sink term in Eq. (2.54). It is passive because
(by assumption) its value has no effect on material properties (i.e, p, v, and
I'), and hence it has no effect on the flow.

The scalar ¢ can represent various physical properties. It can be a small
excess in temperature — sufficiently small that its effect on material properties
is negligible. In this case I' is the thermal diffusivity, and the ratio v/T" is
the Prandtl number, Pr. Alternatively, ¢ can be the concentration of a trace
species, in which case I' is the molecular diffusivity, and v/T" is the Schmidt
number, Sc.

An important property of the scalar is its boundedness. If the initial and
boundary values of ¢ lie within a given range

¢min S ¢ S q-l)ma)(a (255)

then ¢(x,t) for all (x, 1) also lies in this range: values of ¢ greater than @,
or less that ¢,;, cannot occur.

To show this result we examine local maxima in the scalar field. Suppose
that there is a local maximum at ¥ at time f, and we choose a coordinate
system such that ¢*¢/(0x; 0x;) is in principal axes there. The mathematical
properties of a maximum imply that

(V)i =0, (2.56)

and that the second derivatives 8°¢/dx{, 0*¢/éx3, and 6> ¢p/0x3 are negative
or zero. Consequently, for their sum, the Laplacian, we have

(V2)ss < 0. (2.57)
Then, from the conservation equation for ¢ (Eq. (2.54)), we obtain
D¢ 0¢
il ==+ y.v =T (Vi) <0, 2.58
(5:),= (Fevm), =rvamszoas

for every vector V; showing that, following any trajectory from the local
maximum, the value of ¢ does not increase. Consequently, there is no way
in which ¢ can increase beyond the upper bound ¢, imposed by the initial
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and boundary conditions. Obviously, a similar argument applies to the lower
bound, @min-

2.7 The vorticity equation

An essential feature of turbulent flows is that they are rotational: that is,
they have non-zero vorticity. The vorticity o(x, 1) is the curl of the velocity

w=VxU, (2.59)

and it equals twice the rate of rotation of the fluid at (x, 7).
The equation for the evolution of the vorticity is obtained by taking the
curl of the Navier—Stokes equations Eq. (2.35):

%gszw+wwwn (2.60)

The pressure term (—V x Vp/p) vanishes for constant-density flows.
The equation for the evolution of an infinitesimal line element of material
s(t) (see Eq. (2.16)) is :
ds

— =5VU 2.61
g5 vy (2.61)

which, apart from the viscous term, is identical to the vorticity equation.
Hence, in inviscid flow, the vorticity vector behaves in the same way as
an infinitesimal material line element (Helmholtz theorem). If the strain
rate produced by the velocity gradients acts to stretch the material line
element aligned with @, then the magnitude of @ increases correspondingly.
This is the phenomenon of vortex stretching, which is an important pro-
cess in turbulent flows, and @ - VU is referred to as the vortex-stretching
term. ,

For two-dimensional flows, the vortex-stretching term vanishes, and the
one non-zero component of vorticity evolves as a conserved scalar. Because of
the absence of vortex stretching, two-dimensional turbulence (which can oc-
cur in special circumstances) is qualitatively different than three-dimensional
turbulence.

EXERCISES
2.8 Use suffix notation to verify the relations:

Veo =0, (2.62)

V x Vo = 0, (2.63)
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Vx(VxU)=V(V-U)-VU, (2.64)
Uxo=iVU-U)y—U-VU. (2.65)

Are the expressions in Eqs. (2.64) and (2.65) tensors?
2.9 Show that the Navier-Stokes equations (Eq. (2.35)) can be written
in the Stokes form

%?—wa+v(;U-U+;p)=vV2U. (2.66)
Hence obtain Bernoulli’s theorem: for a steady, inviscid, constant-
density flow, the Bernoulli integral,

HE%U‘U—F%, (2.67)

is constant
(a) along streamlines,

(b) along vortex lines (i.e., lines parallel to w), and
(c) everywhere in irrotational flow (@ = 0).

2.10  Show that the vorticity squared — or enstrophy — @* = @ * @ evolves
by
Dw? oU; dw; 5cu

2
-_— ————a — —_— — N
Dr =v Vo’ —|—2cuc:)1a 2v 3%, Bx, (2.68)

2.8 Rates of strain and rotation

The velocity gradients dU,/dx; are the components of a second-order tensor,
the general properties of which are described in Appendix B. The decom-
position of dU;/0x; into isotropic, symmetric-deviatoric, and antisymmetric
parts is

oU;

Fr = 340, + S; + Qy, (2.69)

where the dilatation A = V- U is zero for constant-density flow, §;; is the
symmetric, deviatoric rate-of-strain tensor

170U, aU;
o= 22y 2 2.70
S 2(ax,. + axf)’ (270
and €); is the antisymmetric rate-of-rotation tensor

cU,; au;
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It may be observed that the Newtonian stress law (Eq. (2.32)) can be
re-expressed as

v, = —P8; + 2uS,, (2.72)

showing that the viscous stress depends linearly on the rate of strain, inde-
pendent of the rate of rotation.
The vorticity and the rate of rotation are related by

w; = —&u, (2.73)

Qz’j = _%El'j'ka)ka (274)

where & is the alternating symbol. Thus €; and @, contain the same
information, but (as discussed in Appendix A) €}; is a tensor whereas w; s
not.

EXERCISES
2.11  From Eq. (2.16), derive an equation for the evolution of the length of
an infinitesimal material line element. Show that the rate of growth
of the line depends linearly on the rate of strain, and is independent
of the rate of rotation.
2.12  Show that the vorticity equation (Eq. (2.60)) can alternatively be
written

Dw; R
L=y : S, 2.75
Dr  Vax ax, OIS (275)

Re-express the source in the Poisson equation for pressure (Eq. (2.42))
in terms of S;; and Q;;.

2.13  In a simple shear flow, all the velocity gradients are zero except for
0 U, /6x,. For this case write down the components of S;; and £, (as
matrices) and of w.

2.9 Transformation properties

By studying the behavior of the Navier-Stokes equations when they are
subjected to various transformations, we are able to-deduce important prop-
erties of the fluid flows that they describe. The most important of these
properties are Reynolds number similarity, invariance under fixed rotations
and reflections of the coordinate axes, Galilean invariance, and the lack of
invariance under frame rotations.
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X5 Xy
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g) Rectilinear acceleration X (h) Frame rotation al

Fig. 2.2. Sketches of experiments used to study the transformation properties of
the Navier-Stokes equations: (a) reference experiment (referred to the E coordinate
system): (b)—(h) other experiments (referred to the E coordinate system).

Consider a particular fluid-mechanics experiment performed in a labora-
tory, and consider a second experiment, that is similar to the first, but differs
in some respect. For example: the second experiment could be performed
at a different time; the apparatus could be placed in a different location; it
could be orientated differently; it could be placed on a moving platform;



oY) 2 The equations of fluid motion

a different fluid could be used; or a second apparatus that is geometrically
similar to the first, but of a different scale, could be constructed. For each
of these differences we can ask whether the velocity fields in the two exper-
iments are similar. That is, are the velocity fields the same when they are
appropriately scaled and referred to appropriate coordinate systems? These
questions can be answered by studying the transformation properties (also
called invariance properties or symmetries) of the Navier—Stokes equations.

These are important considerations in the modelling of turbulent flows. A
model will be qualitatively incorrect unless its transformation properties are
consistent with those of the Navier—Stokes equations.

Figure 2.2(a) is a sketch of the apparatus considered in the first (reference)
experiment. The size of the apparatus is characterized by the length scale £,
and the initial and boundary conditions on the velocity are characterized by
the velocity scale /. The coordinate system (denoted by E, with orthonormal
basis vectors ¢;) has its origin and axes fixed relative to the apparatus, which
is at rest in an inertial frame,

The length scale £ and the velocity scale &/ are used to define the non-
dimensional independent variables

Y=x/L, t=tU/L, (2.76)
ind dependent variables
U0 = Ux,0/U,  p&1) = plx,0)/(oUd?). (2.77)

Jn applying these simple scaling transformations to the continuity equation
4. (2.19), the Navier-Stokes equations Eq. (2.35), and the Poisson equation
Eq. 2.42), we obtain

o0 _ 0 2.78
55%,- — ( . )

oU, . a0, 1 &0, o
G TYVER T Redxon, ok 279)
Ph__ _20; 20, 2.80
0%, 0% 0%, 0%’ (2.80)

here the Reynolds number is

Re=UL/v. (2.81)

vidently, the Reynolds number is the only parameter appearing in these
juations.
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Reynolds-number similarity

The experiment shown in Fig. 2.2(b) has a different length scale £y, velocity
scale Uy, and fluid properties, v, and py. If the scaled variables are defined in
an analogous way (X = x /Ly, U= U /U4, etc.) then the boundary conditions
(expressed in terms of {/(%,1)) in two experiments are the same, and the
transformed Navier—Stokes equations are the same as Eqs. (2.78)(2.80),
except that Re is replaced by

Reb = Z/{b Eb/"b' (2,82)

Thus, if the Reynolds numbers are the same (Re = Re,), then the scaled
velocity fields {/(%,7) are also the same, because they are governed by
identical equations with identical initial and boundary conditions. This is the
property of Reynolds-number similarity.

The scaled Euler equations are the same as Eq. (2.79), but with the
omission of the term in Re. The scaled velocity fields U(%,7) given by the
Euler equations are therefore the same, irrespective of Ly, U, and py: they
exhibit scale similarity and the Euler equations are said to be invariant with
respect to scale transformations.

Time and space invariance

The simplest invariance properties of the Navier-Stokes equations are their
invariances with respect to shifts in time and space. As depicted in Fig. 2.2(c)
we consider the second experiment performed a time T later than the
reference experiment, with the apparatus translated by an amount X. The
velocity field in the second experiment is referred to the E coordinate system
shown in the Fig. 2.2(c), which has orthonormal basis vectors &. With the
scaled independent variables defined by

i=%/L=(x—X)/L, (2.83)

t=0—-TYU/L, (2.84)

it is trivial to show that the transformed Navier-Stokes equations are iden-
tical to Eqgs. (2.78)-(2.80).

Rotational and reflectional invariance

Figure 2.2(d) shows the apparatus with a different orientation than that in
the reference experiment; the appropriate E coordinate system is obtained
by a rotation of the reference (E) coordinate axes. Figure 2.2(e) shows a
different apparatus, constructed to be the mirror image of the reference
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apparatus. In this case, the appropriate E coordinate system is obtained by
a reflection of a coordinate axis.

These coordinate transformations - rotations and reflections of the axes —
are precisely those considered in Cartesian tensors (see Appendix A). With
a;; = e, " &; being the direction cosines, the scaled variables are

i,‘ = .')_C;/E = aﬂx,-/ﬁ, (285)
U =a,U, (2.86)

It follows immediately from the fact that the Navier-Stokes equations can
be written in Cartesian tensor notation that the transformed equations
are identical to those in the reference system (Egs. (2.78)-(2.80)). Thus
the Navier—Stokes equations are invariant with respect to rotations and
reflections of the coordinate axes.

In these considerations it is important to distinguish between two kinds of
‘rotations.” Here we are considering the E coordinate system obtained by a
fixed rotation of the E coordinate axes. By ‘fixed” we mean that the direction
cosines a; do not depend on time. In contrast, we consider below rotating
frames, so that the direction cosines are time dependent. '

The invariance with respect to reflections has a physical significance and
a mathematical consequence which are discussed at greater length in Ap-
pendix A. The physical significance is that the Navier-Stokes equations
contain no bias toward right-handed or left-handed motions. Of course such
bias can occur in a flow — most dramatically in a tornado — but it arises
from the initial or boundary conditions, or from frame rotation, not from
the equations of motion (expressed in an inertial frame).

Any equation written in Cartesian tensor notation ensures invariance
under rotations and reflections of coordinate axes. In contrast, an equation
written in vector notation and involving pseudovectors (e.g., vorticity), or
written in suffix notation using the alternating symbol &, does not ensure
these invariance properties.

Time reversal

Analogous to the reflection of a coordinate axis (e.g, X» = —x,), we can
>onsider the reversal of time by defining

t=—tU/L, | (2.87)

Ux,1) = -Ux, 1)U (2.88)

t is readily shown that the corresponding transformed Navier-Stokes equa-
1ons are the same as Eqs. (2.78)(2.80), except that the sign of the viscous
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P

term (proportional to Re™') is altered. Thus, the Navier-Stokes equations
are not invariant under a time reversal; but the Euler equations are.

Galilean invariance

The remaining topics in this section are concerned with moving frames. We
consider first, as depicted in Fig. 2.2(f), the apparatus moving at a fixed
velocity ¥, so that both coordinate systems (E and E) are in inertial frames,
The transformations between the coordinate systems are

x=x—Vt, t=t, (2.89)
Ux,7)=U(x,t)— V. (2.90)

A quantity that is the same in different inertial frames is said to be Galilean
invariant. From Egs. (2.89) and (2.90) we obtain

au;,  au;
= 2.
ou, o, ouU,
PN /Ml 2.92
P PR (292)
DU, oU, . éU, DU,
— = e = L 2.93
Dt & T 0x;  Dt’ (23)

showing that the velocity gradients and the fluid acceleration are Galilean
invariant, whereas the velocity and its partial time derivative are not. Other
quantities that are Galilean invariant include scalars such as ¢(x,r) and
pressure p(x,t), and quantities related to velocity gradients, e.g., S;;. €;;, and
the vorticity w.

It is simply shown that the transformed Navier—Stokes equations (written
for ' = U/ in terms of & = /L, etc.) are identical to Egs. (2.78)~(2.80),
and hence are Galilean invariant. Just like all phenomena described by
classical mechanics, the behavior of fluid flows is the same in all inertial
frames.

EXERCISE
2.14  Which of the following are Galilean invariant:

(a) a streamline (which by definition is a curve that is everywhere
parallel to the velocity vector),

(b) a vortex line (which by definition is a curve that is everywhere
parallel to the vorticity vector),
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the helicity, which is defined as U - @

the enstrophy, which is defined as @ - @
material lines, surfaces, and volumes and,

for a scalar field; d¢/dt, 0¢p/x;, and D¢op/Dr?

(c
(d
(e
(f

Extended Galilean invariance

A peculiar property of the Navier—Stokes equations is that they are invariant
under rectilinear accelerations of the frame. We consider, as depicted in
Fig. 2.2(g), the second experiment being performed on a platform moving
at a variable velocity ¥(z), but with no rotation of the frame, so that the
coordinate directions (e.g., e; and e,) remain parallel. With the transformed
variables %, 7, and U defined by Egs. (2.89) and (2.90), the transformed
Navier-Stokes equations are

5_U__|_U aU ’*2U l
ot OX; axﬁx, P

where the additional term on the right-hand side is the acceleration of the
frame, A = d ¥V /dr. The last two terms can be written

1 6p 1 ¢
A'Z——“" _fA!‘, .
pa)_cj(p-l_px ) (2.95)

J
ax,

op
5~ A, (2.94)

showing that the frame acceleration can be absorbed in a modified pressure.
Consequently the Navier—Stokes equations for the transformed variables

U=U/, p=(p+px-A)/(plU), (2.96)

are identical to Egs. (2.76)(2.80). Thus the scaled velocity I/ and modified
pressure p fields in the experiment in the frame with arbitrary rectilinear
acceleration are identical to those in the inertial flame. This is extended
Galilean invariance (which applies only to constant-density flows).

Frame rotation

Finally, we consider the second experiment being performed in a non-inertial
rotating frame, Fig. 2.2(h). In the E coordinate system, the time-dependent
basis vectors &(t) evolve by

d_ ~ _
d—tef = ijej, (297)
where ij(t) = —Q;(1) is the rate of rotation of the frame. Note that, in this
case, the direction cosines a;/(t) = e; - &(t) are time-dependent.
The Navier-Stokes equations transformed to the non-inertial frame are
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the same as Eq. (2.94), but with the frame acceleration —A; replaced by the
fictitious force
a s _ . _dQ;,
F; = —XQulh; — 2U; — X, _thU (2.98)
(see Exercise 2.15). The three contributions to F represent the centrifugal
force, the Coriolis force, and the angular acceleration force. The centrifugal
force can be absorbed into a modified pressure, but the remaining two forces
cannot. As is well known in meteorology and turbomachinery, Coriolis forces
can have significant effects on flows in rotating frames.

A quantity that is the same in rotating and non-rotating frames is said to
possess material-frame indifference. Evidently, the Navier-Stokes equations
do not have this property.

The effect of frame rotation is also evident in the vorticity equation. In
the non-inertial E coordinate system, the equation for the evolution of the
vorticity

oU
@ = e = (2.99)
oX;
obtained from the Navier-Stokes equations (i.e., Eq. (2.94) with F; in place
of —A;), is
aUg ~ dﬁjk

gfj‘k a—)_cj ng — gijk _d[— (2100)

00 | 7 00 _ OO +®.§£‘J_,~_2
ot = 'ox;  expox, | ox;

Evidently, because of the last two terms — which correspond to Coriolis and
angular acceleration forces — the vorticity equation in a rotating frame is
different than that in an inertial frame (Eq. (2.60)).

EXERCISE

2.15  Let X(t) be the position of a moving point relative to the origin of
the E coordinate system in an inertial frame. Let Y (t) = &;(r)Y:(t) be
the position of the same point relative to the non-inertial frame E.
The origin of the E frame moves with velocity V(t), and its basis
vectors &; evolve according to Eq. (2.97). If the origins are coincident
at time t = 0, then

X=Y(@)+ foz V() dr. (2.101)

Show that the velocity and acceleration (relative to the inertial
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frames) are
X = V + é;( Yj + Yiﬁ:’]’); (2.102)

X =V 4 e(¥; + Yuly, + 27,0, + Y4y, (2.103)

where an overdot indicates differentiation with respect to time.

Two-dimensional flows

Another peculiar property of the Navier-Stokes equations is that, for two-
dimensional flow (in the x,—x plane, say), they are invariant with respect to
steady rotations of the frame in the plane of the flow (i.e.,, rotations about
the x; axis), see Speziale (1981). For two-dimensional flows, it is sometimes
useful to re-express the Navier-Stokes equations in terms of streamfunction
and vorticity. The streamfunction y(x;, x,t) is such that the velocities are
given by

~

oy oy
= — = — 2.104
Ui ox,;’ 0> 0x;’ ( )
and the only non-zero component of the vorticity is
w; = ol _ oUy (2.105)
5x1 5_7(2

For steady rotations of the frame, the final term in Eq. (2.100) is zero,
and, for the two-dimensional flows considered, explicit evaluation of the
penultimate term reveals that it too is zero (see Exercise 2.17). Thus, for
this special case, the vorticity is unaffected by frame rotation, and it follows
that the Navier—Stokes equations exhibit material-frame indifference (in this
restricted sense).

EXERCISES

216  For two-dimensional flow, with U; = 0 and U, and U, given by
Egs. (2.104), show that the divergence of velocity is zero for all
streamfunctions. Show that the streamfunction and vorticity are re-
lated by the Poisson equation

0? 0?
I —_ )y = — . 2. 0
(8x% + 6x§) @3 (2.106)
2.17  With reference to the penultimate term in Eq. (2.100), consider the
quantity
oU, ~
O = e = Que (2.107)

0%,
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for a two-dimensional flow (in the x;—x, plane), and for frame rota-
tions in the same plane. Which components of ¢U,/d%; and Qy; are
zero? Show that Q] and €] are zero. Obtain the result

. ~ (U, oU
Q=9 (—i + ——2) (2.108)

and hence argue that Q’ is zero for the class of flows considered.
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The statistical description of turbulent
flows

3.1 The random nature of turbulence

In a turbulent flow, the velocity field U(x,t) is random. What does this
statement mean? Why is it so?

As a first step we need to understand the word ‘random. Consider a
fluid-flow experiment that can be repeated many times under a specified set
of conditions, C, and consider an event A, such as A = {U < 10 m s,
where U is a specified component of velocity at a specified position and time
(measured from the initiation of the experiment). If the event A inevitably
occurs, then A is certain or sure. If the event A cannot occur, then it is
impossible. The third possibility is that A may occur or it may but need not
occur. In this case the event A is random. Then, in the example 4 = {U < 10
m s~!}, U is a random variable.

A mistake that is sometimes made is to attribute incorrectly additional
significance to the designation ‘random, and then to dispute the fact that
turbulence is a random phenomenon. That the event A is random means
only that it is neither certain nor impossible. That U is a random variable
means only that it does not have a unique value — the same every time
the experiment is repeated under the same set of conditions, C. Figure 3.1
illustrates the values U™(n = 1, 2,...,40) taken by the random variable U
on 40 repetitions of the experiment.

The next issue to resolve is the consistency between the random nature of
turbulent flows, and the deterministic nature of classical mechanics embodied
in the Navier-Stokes equations. If the equations of motion are deterministic,

why are the solutions random? The answer lies in the combination of two
observations.

(1) In any turbulent flow there are, unavoidably, perturbations in initial
conditions, boundary conditions, and material properties.

34
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Fig. 3.1. A sketch of the value U™ of the random velocity variable U on the nth
repetition of a turbulent-flow experiment.

(ii) Turbulent flow fields display an acute sensitivity to such perturbations.

At the outset of our discussion on randomness, we considered ‘a fluid-
flow experiment that can be repeated many times under a specified set of
conditions C. An example is the flow of pure water at 20°C through a smooth
straight pipe. It should be appreciated that the conditions, C, thus defined
are incomplete: in practice there are, inevitably, perturbations from these
nominal conditions, There can be perturbations in boundary conditions, for
example, through vibration of the apparatus, or from the detailed finish of
nominally smooth surfaces. There can be perturbations in fluid properties
caused by small inhomogeneities in temperature or by the presence of
impurities, and there can be perturbations in the initial state of the flow.
With care and effort these perturbations can be reduced, but they cannot
be eliminated. Consequently, the nominal conditions C are incomplete, and
hence do not uniquely determine the evolution of the turbulent flow.

The presence of perturbations does not by itself explain the random
nature of turbulent flows — for, indeed, such perturbations are also present
in laminar flows. However, at the high Reynolds numbers of turbulent
flows, the evolution of the flow field is extremely sensitive to small changes
in initial conditions, boundary conditions, and material properties. This
sensitivity is well understood in the study of dynamical systems, and has
been popularized in books on chaos (e.g., Gleick (1988) and Moon (1992)).
It is now demonstrated using the Lorenz equations.

Lorenz (1963) studied a time-dependent system, characterized by three
state variables, x(t), y(t), and z(t). These variables evolve according to the
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Fig. 3.2. Time histories from the Lorenz equations (Egs. (3.1)): (a) x(r) from the initial
condition Eq. (3.2); (b) X(r) from the slightly different initial condition Eq. (3.3); and
(c) the difference X(r) — x(r).

ordinary differential equations

X =a(y—x),
y=px—y—xz
Z=—fz + xy, (3.1)
where the coefficients are ¢ — 10, § = £, and p = 28. For the initial condition
[x(0),y(0),2(0)] = [0.1,0.1,0.1], (3.2)

Fig. 3.2(a) shows the time history x(t) obtained from the numerical integra-
tion of Eqgs. (3.1). The result obtained — denoted by %(¢) — with the slightly
different initial condition

[x(0), y(0),z(0)] = [0.100001,0.1,0.1], (3.3)

is shown in Fig. 3.2(b). It may be observed that (as expected) x(t) and
X(¢) are initially indistinguishable, but by t = 35 they are quite different.
This observation is made clearer in Fig. 3.2(c), which shows the difference
X(£) — x(¢).
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A consequence of this extreme sensitivity to initial conditions is that —
beyond some point — the state of the system cannot be predicted. In this
example, if the initial state is known only to within 107, then Fig. 3.2 clearly
shows that no useful prediction can be made beyond ¢ = 35.

This example serves to demonstrate that a simple set of deterministic
equations — much simpler than the Navier-Stokes equations — can exhibit
acute sensitivity to initial conditions, and hence unpredictability.

The qualitative behavior of the Lorenz system depends on the coefficients.
In particular, for the fixed values ¢ = 10 and § = £, the behavior depends
on p. If p is less than a critical value p* = 24.74, then the system goes to a
stable fixed point, i.e., the state variables [x(t), y(t),z(¢)] tend asymptotically
to fixed values. However, for p > p* (e.g, p = 28 as in Fig. 3.2) chaotic
behavior ensues. Again, there is a similarity to the Navier-Stokes equations,
which (with steady boundary conditions) have steady solutions at sufficiently
low Reynolds number, but chaotic, turbulent solutions at high Re. Further
discussions of the Lorenz equations, dynamical systems and equations, dy-
namical systems, and chaos are contained in the books of Guckenheimer
and Holmes (1983), Moon (1992), and Gleick (1988).

3.2 Characterization of random variables

For a laminar flow, we can use theory (i.e., the Navier-Stokes equations) to
calculate U (a particular component of the velocity at a specified position
and time), and we can perform an experiment to measure U. From a century
of experience, we have a high degree of confidence that the calculated and
measured values of U will agree (to within small numerical and experimental
errors).

The Navier-Stokes equations apply equally to turbulent flows, but here
the aim of theory must be different. Since U is a random variable, its value
is inherently unpredictable: a theory that predicts a particular value for U is
almost certain to be wrong. A theory can, however, aim at determining the
probability of events such as 4 ={U <10 m s '}.

In this section we develop the concepts and tools used to characterize
a random variable such as U. In particular U is completely characterized
by its probability density function (PDF). The random velocity field U(x,1)
in a turbulent flow is a much more complicated mathematical object than
the single random variable U. In subsequent sections we introduce some
quantities used to characterize sets of random variables (e.g., U,, U,, and
Us), random functions of time (e.g., U(t)), and random functions of position

(e.g., U(x)).
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Fig. 3.3. Sketches of the sample space of U showing the regions corresponding to the
events (a) B={U < Wy}, and (b) C = {V, < U < W, }.

Sample space

In order to be able to discuss more general events than 4 = {U < 10 m s™'},
we introduce an independent velocity variable V, which is referred to as the
sample-space variable corresponding to U. As illustrated in Fig. 3.3, different
events such as

B = {U < I}, (3.4)
C={V,<U<VWV)}, for V,<V,, (3.5)
correspond to different regions of the sample space.
Probability
The probability of the event B, for example, is written
p=FP(B)=P{U <V} (3.6)

For the moment, the reader’s intuitive understanding of probability is suf-
ficient: p is a real number (0 < p < 1) signifying the likelihood of the
occurrence of the event. For an impossible event p is zero; for a sure event
p is unity. (Probability is discussed further in Section 3.8.)

The cumulative distribution function

The probability of any event can be determined from the cumulative distri-
bution function (CDF), which is defined by

F(V)= P{U< V). (3.7)
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For example, we have

P(B) = P{U < W} = F(Vb), (3.8)

P(C)=P{V,<U<V,} =P{U<V,}—P{U<V,}
= F(Vy) — F(V3). (3.9)

The three basic properties of the CDF are

F(—o0) =0, (3.10)

since {U < —oo} is impossible;
F(0) =1, (3.11)

since {U < oo} is certain; and,
F(Vi) = F(V,), for V> V., (3.12)

since the probability of every event is non-negative, i.e.
F(Vy)) —F(Vy)=P{V,<U < Vp} 20, (3.13)

The third property (Eq. (3.12)) expresses the fact that the CDF is a non-
decreasing function.

The probability density function

The probability density function (PDF) is defined to be the derivative of the
CDF:

_dF(¥V)
f(tvy= 7 (3.14)

It follows simply from the properties of the CDF that the PDF is non-
negative

f(V)y=0, (3.15)
it satisfies the normalization condition
] FV)dV = 1, (3.16)

and f(—o0) = f(o0) = 0. Further, from Eq. (3.13) it follows that the probabil-
ity of the random variable being in a particular interval equals the integral
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P(C) = F(Vy) - F(Vy)

(b)

Fig. 3.4. Sketches of (a) the CDF of the random variable U showing the probability
of the event C = {V, < U < V,}, and (b) the corresponding PDF. The shaded area in
(b) is the probability of C.

of the PDF over that interval:

P{Va <Ux Vb} = F(V,)— F(V,)
Vo
=f f(V)dv. (3.17)

Figure 3.4 provides a graphical interpretation of this equation.
For an infinitesimal interval, Eq. (3.17) becomes
P{V<U<V+4dV}=FV 4+dV)— F(V)
= f(V)dV. (3.18)
Thus the PDF f(V) is the probability per unit distance in the sample space

— hence the term ‘probability density function.” The PDF f(V) has the
dimensions of the inverse of U, whereas the CDF and the product f(V)dV
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are non-dimensional. Under a change of variables, the transformation rule for
densities (such as PDF’s) is different than that for functions: see Exercise 3.9
on page 49.

It is emphasized that the PDF f(V) (or equally the CDF) fully character-
izes the random variable U. Two or more random variables that have the
same PDF are said to be identically distributed, or equivalently statistically
identical.

Means and moments

The mean (or expectation) of the random variable U is defined by

(U) = /_m VF(V)dV. (3.19)

It is the probability-weighted average of all possible values of U. More
generally, if Q(U) is a function of U, the mean of Q(U) is

(O(U)) = f "oy (3.20)

Even when the condition is not stated explicitly, it should be understood
(here and below) that the mean (Q(U)) exists only if the integral in Eq. (3.20)
converges absolutely.

The rules for taking means are quite simple. If Q(U) and R(U) are functions
of U, and if a and b are constants, then

([aQ(U) + BR(U)]) = a(Q(U)) + b(R(V)), (3.21)

as may readily be verified from Eq. (3.20). Thus the angled brackets ( )
behave as a linear operator. While U, Q(U), and R(U) are all random
variables, (U), (Q(U)), and (R(U)) are not. Hence the mean of the mean is
the mean: ((U)) = (U).

The fluctuation in U is defined by

u=U—(U), (3.22)

and the variance is defined to be the mean-square fluctuation:

T

var(U) = (1) = / (V — (UYRf(V)dV. (3.23)

-0

The square-root of the variance is the standard deviation

sdev(U) = +/var (U) = ()3, (3.24)

and is also denoted by v’ and ¢,, and is also referred to as the r.m.s. (root
mean square) of U.
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The nth central moment 1s defined to be
=) = [ v = irsvay. (3.25)

Evidently we have yo =1, gy =0, and p» = ol.
(In contrast, the nth moment about the origin — or the nth raw moment -
is defined to be (U").)

EXERCISES
3.1 With Q and R being random variables, and @ and b being constants,

use Eq. (3.20) to verify the relations

(a) =a, (aQ)=a{Q), (3.26)
(Q+R)=(0)+(R), (@) =1(0), (3.27)
((Q)(R)) = (Q)(R), ((Q)R) = (Q)(R), (3.28)
(g9 =0, (g(R)) =0, (3.29)
where g = 0 — (Q).
3.2 Let Q be defined by
Q=a+bU, (3.30)

where U is a random variable, and @ and b are constants. Show that

(0) = a+ b(U), (3.31)
var(Q) = b? var(U), (3.32)
‘sdev(Q) = b sdev(U). (3.33)
Show also that
var(U) = (U?) — (U)~ (3.34)
Standardization

It is often convenient to work in terms of standardized random variables,
which, by definition, have zero mean and unit variance. The standardized
random variable U corresponding to U is

U=(U-— (U)o (3.35)
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and its PDF — the standardized PDF of U - is

F7) = af((U) + a.V). (3.36)
The moments of U — the standardized moments of U — are
o = ("n) =L :f Prf(v)dv. (3.37)
Uu Uu —0

Evidently we have iy = 1, [ty = 0 and fi; = 1. The third standardized moment
fiz is called the skewness, and the fourth fi4 is the flatness or kurtosis.

EXERCISE
33 Show that the standardized moments of U and Q (defined by
Eq. (3.30)) are identical.

The characteristic function

The characteristic function of the random variable U is defined by

P(s) = (') = f ) f(v)e'sdv. (3.38)

It may be recognized that the integral in Eq. (3.38) is an inverse Fourier
transform: W(s) and f(V) form a Fourier-transform pair, and consequently
they contain the same information.

The characteristic function is a mathematical device that facilitates some
derivations and proofs. Its properties are described in Appendix I. Char-
acteristic functions are used extensively in Chapter 12, but not before.
Consequently a study of Appendix I can be deferred.

3.3 Examples of probability distributions

To consolidate the notions developed, and to illustrate some qualitatively
different behaviors, we now give some specific examples of probability dis-
tributions. These distributions are encountered in later chapters.

The uniform distribution

If U is uniformly distributed in the interval @ < V < b, then the PDF of U
is
1
fVy=4¢ b—a
0, for V<aand V >b.

for a<V <b,

(3.39)

This PDF and the corresponding CDF are shown in Fig. 3.5.
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(a) F(V)

® AN

a b v

Fig. 3.5. The CDF (a) and the PDF (b) of a uniform random variable (Eq. (3.39)).

EXERCISE
34 For the uniform distribution Eq. (3.39) show that

(a) (U) = j(a+b),
(b) var(U) = (b - a),

12

(C) la?: = Oa and
@ fu=?

The exponential distribution

If U is exponentially distributed with parameter 7, then its PDF (see Fig. 3.6)
is

1 .
- { Sexp(=V /i), for V20, 240

0, for V <O.



3.3 Examples of probability distributions 45

(a) F(V)

(b)

LS

Fig. 3.6. The CDF (a) and PDF (b) of an exponentially distributed random variable
(Eq. (3.40)).

EXERCISE

3.5 For the exponential distribution Eq. (3.40) show that

(a) the normalization condition is satisfied,

(by (U) =4,

(c) (U™ =nA{U™Y) =nl2", forn> 1,

(d) F(V)=1—exp(—V/4), for V >0,

=0, for V <0, and
(e) Prob{U > al} = e, for a > 0.

The normal distribution
Of fundamental importance in probability theory is the normal or Gaussian
distribution. If U is normally distributed with mean u and standard deviation
o, then the PDF of U is
1

fV)=N(V;puo’)= exp[—1(V — w)?/a?]. (3.41)

ag

5
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Here N(V;u,0%) — or sometimes A/ (i, 0?) — denotes the normal distribution
with mean p and variance ¢2. We can also write

U2 Ny, o), (3.42)

to indicate that U is equal in distribution to a normal random variable, i.e.,

the PDF of U is given by Eq. (3.41).
If U is normally distributed according to Eq. (3.41) then

U=(U-yp)/o (3.43)
is a standardized Gaussian random variable with PDF

fy=nv;01) = _\/%_;e-w/z_ (3.44)

This PDF and the corresponding CDF

4
F(vy= [ \/12; e dx = g[1+ erf(V/ﬁ)] (3.45)

are shown in Fig. 3.7.

EXERCISE _
3.6 By considering the quantity

— | —= dVv 3.
~[w dV(,/2ﬂ;e ) ’ ( 46)

obtain a recurrence relation for the standardized moments fi,, of the
Gaussian distribution. Show that the odd moments (i3, fis, ...) are
zero, that the kurtosis is

and that the superskewness is

flo = 15. (3.48)

The log-normal distribution

We again take U to be normally distributed with mean p and variance o2,
Then the positive random variable

Y =eY (3.49)

is, by definition, log-normally distributed.
The CDF Fy(y) and PDF fy(y) of Y can be deduced from those of U,
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(a) F(V)
1.0
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Fig. 3.7. The CDF (a) and PDF (b) of a standardized Gaussian random variable.

namely F(V) and f(V) given by Eq. (3.41). Since Y is positive, the sample
space can be taken to be the positive real line, ie., y > 0. Starting from the
definition of the CDF, we obtain

Fy(y)=P{Y <y} =P{e" <y} = P{U < Iny]}
= F(In y). (3.50)

The PDF is then obtained by differentiating with respect to y:

1
fr) = S Fr() = fllny)
Y Y
] 2
= o lmalny — e, (3.5D)

Figure 3.8 shows the PDF fy(y) and the CDF Fy(y) for (Y) =1 and
various values of the variance. It may be seen that different values of o?
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Fig. 3.8. The CDF (a)} and PDF (b) of the log-normal random variable Y with
{Y})=1and var(Y) =4, ! and 5.

26> 2
produce different shapes of PDF. In particular, a large value of ¢ leads to a
PDF with a long tail, which is most clearly seen in the CDF’s slow approach
to unity. As shown in Exercise 3.7, the normalized variance var(Y /{Y))
increases as e, '

Equations (3.50) and (3.51) illustrate the transformation rules for PDFs
and CDFs. These are further developed in Exercise 3.9.

EXERCISES
3.7 Show that the raw moments of Y (defined by Eq. (3.49)) are

(Y") = exp(nu + in’c?). (3.52)
(Hint: evaluate [”_e" f(V)dV.)

Show that the specification

p=—1g (3.53)
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3.8

39

results in (Y} being unity, and that the variance of Y is

var(Y) = (Y (e’ (3.54)
The random variable Z is defined by - ~
Z=uY" (3.55)

where Y is a log-normal random variable, and a and b are positive
constants. Show that Z is also log-normal with

var(ln Z) = b*var(ln Y ) (3.56)

The random variable U has the CDF F(V) and PDF f(V). The
random variable Y is defined by

Y =Q(U), (3.57)

where Q(V') is a monotonically increasing function. Following the
steps in Eqgs. (3.50) and (3.51), show that the CDYF Fy(y) and PDF
fy(v) for Y are given by B

~

Fr(v) =F(V), (3.58)

f(V) / o) (3.59)
where
y=Q(V). (3.60)

Show that the corresponding results for @(V') being a monotonically
decreasing function are

Fy(y)=1—F(V), (3.61)
dQ(V)
)= —f(V)/ == 62
fr(y) f( )/ 7 (3.62)
Show that Eqgs. (3.59) and (3.62) can be written in the common form
fr(y)dy = f(V)dv, (3.63)
where dV and
do(V)
== 3.64
dy \ qv \dV (3.64)

are corresponding infinitesimal intervals.
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Fig. 3.9. The CDF (a) and PDF (b) for the gamma distribution with mean u = 1 and
variance 6> = &, 1, and §.

The gamma distribution

The positive random variable U, with mean u and variance ¢, has a gamma
distribution if its PDF is

1 /a)” aV
V= —_|[ Z a—1 _ - 6
It T(a) (u) g eXp( u ) 3:6)

where « is defined by

= (4Y
¥ = (J) , (3.66)
and I'(«) is the gamma function
INe) ‘:—] x* e dx. (3.67)
0

For o = 1, this becomes the exponential distribution and the value of the
PDF at the origin is f(0) = 1/u. For larger values of « (smaller normalized
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variance) the PDF is zero at the origin, whereas for small values of « it is
infinite — as is evident in Fig. 3.9.

EXERCISE
3.10 Use the substitution x = «V/u to show that the normalized raw
moments of the gamma distribution are

* K " _ 1 * _nta—1 —x "
[ () f(V)dV_a"r(a)/o)f ¢

_TIn+a) (+a—1)!
aT(a)  ara— 1)

Verify the consistency of this result for n =0, 1, and 2.

(3.68)

Delta-function distributions

Suppose that U is a random variable that takes the value a with probability
p, and the value b (b > a) with probability 1 — p. It is straightforward to
deduce the CDF of U: '

0, for V <a,
FV)=P{U<V)={ p, fora<V <b, (3.69)
‘ 1, for V >b,

see Fig. 3.10. This can be written in terms of Heaviside functions as
FV)y=pH(V —a)+ (1 —p)H(V — b). (3.70)

The corresponding PDF (obtained by differentiating Eq. (3.70)) is
fVy=po(V —a)+ (1 —p)o(V —b), (3.71)

see Fig. 3.10. (The properties of Dirac delta functions and Heaviside functions
are reviewed in Appendix C.)

A random variable that can take only a finite number of values is a discrete
random variable (as opposed to a continuous random variable). Although the
tools presented in this section are aimed at describing continuous random
variables, evidently (with the aid of Heaviside and Dirac delta functions)
discrete random variables can also be treated. Furthermore, if U is a sure
variable, with probability one of having the value q, its CDF and PDF are
consistently given by

F(V)=H(V —a), (3.72)

f(Vy=68(V —a). (3.73)
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Fig. 3.10. The CDF (a) and the PDF (b} of the discrete random variable U, Eq. (3.69).

3.11

3.12

EXERCISES
Let U be the outcome of the toss of a fair die, ie, U =1, 2, 3, 4, 5,
or 6 with equal probability. Show that the CDF and PDF of U are

1 6

F(V)= EZI:H(V—n), (3.74)
1 6

f(v)= c 2 S(V = n). (3.75)

Sketch these distributions.

Let f4() be the PDF of a scalar ¢ that satisfies the boundedness
condition @min < ¢ < Pmax. For a given value of the mean (¢), the
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maximum possible value of the variance (¢*) occurs when f4(1)
adopts the double-delta-function distribution

Fo(w) = Pé(max — ) + (1 — p)S(hmin — w). (3.76)
For this distribution show that
(Qb) ‘ ¢'min
=—, 3.
P quax - quin ( 77)
<¢,2> = (Ql)max - <¢>)((¢> — ¢'min)' (3-78)
Note: for ¢pin = 0, Pmax = 1, these results are p = (¢) and (¢?) =

(@) (1 — ().

The Cauchy distribution

The mean, variance, and other moments are defined as integrals of the PDF
(Eq- (3.20)). We have implicitly assumed that all such integrals converge:; and,
indeed, with few exceptions, this is true for PDFs encountered in turbulence
research. It is useful to have a simple counter-example: this is provided by
the Cauchy distribution.

The PDF of the Cauchy distribution centered at ¢ and with half-width w
is

w/m

(V —cp +w?

For large V, f varies as V2, and hence the integral of Vf(V) diverges as
In V. Hence, although the distribution is symmetric about its center V = ¢,
nevertheless the mean (defined by Eq. (3.19)) does not exist. The variance is
infinite.

Figure 3.11 shows the Cauchy density (Eq. (3.79)) and the corresponding
CDF

fiv)= (3.79)

1 v —
F(V) = + % arctan( C), (3.80)

w

forc=0, w=1.

EXERCISE
313  The PDF sketched in Fig. 3.12 has mean zero and unit variance (i.e.,
it is standardized). Show that the variables defined in the sketch are
given by
1

a=L(1+2J3), b=+3a h= 13 (3.81)

a—l—j
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Fig. 3.11. The CDF (a) and PDF (b) for the Cauchy distribution (Egs. (3.79) and
(3.80)) with c =0, w = 1.

3.4 Joint random variables

In this section the results obtained for the single random variable U are
extended to two or more random variables, We take as an example the
components of velocity (Uj, U,, Us) at a particular position and time in a
turbulent flow.

The sample-space variables corresponding to the random variables U =
{U,,U,, U3} are denoted by ¥V = {V1, V2, V;}. For the two components U,
and U,, Fig. 3.13 shows a scatter plor consisting in the N = 100 points
(V, V2) = (U™, UM n = 1,2,...,N, where (U™, UM are the values of
(U1, Uy) on the nth repetition of the experiment. The CDF of the joint
random variables (U,, U,) is defined by

Fu(V,Va)= P{U, < V,,U; < V. (3.82)

It is the probability of the sample point (V,, V») = (U,, U) lying within the
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Fig. 3.12. A sketch of the standardized PDF in Exercise 3.13.
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Fig. 3.13. A scatter plot in the V|-V, sample space of 100 samples of the joint random
variables (U, U;). (In this example U; and U, are jointly normal with (U;) = 2,

(Up) =1, (u}) = 1, (83) = &, and p1 = 1/,/5)
shaded area of Fig. 3.14. Clearly, F;,(V}, V) is a non-decreasing function of
each of its arguments:
Fio(Vi+0Vy, Va406V2) > Fia(V, V,), for all 8V, >0 and 8V, > 0. (3.83)
Other properties of the CDF are
Fiy(—o0, V1) = P{U, < —o0, U; < V3} =0, (3.84)
since {U; < —oo} is impossible; and

Flz(OO, Vz) = P{U[ < 00, U, < Vz}
= P{U2 < Vp_} = Fz(Vz), (385)

since {U, < oo} is certain. The CDF Fy(V3) of the single random variable
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Fig. 3.14. The V,-¥, sample space showing the region corresponding to the event
{Ul < VU< Vz}

U, (defined in Eq. (3.85)) is called the marginal CDF. Similarly, the marginal
CDF of U, is F\(V}) = F»(V,, ).

The joint PDF (JPDF) of U, and U, is defined by
@2
fVi,Va) = WFlz(Vla V). (3.86)

[ts fundamental property, illustrated in Fig. 3.15, is
Vie [V
P{Via <U; < Vip, Vay < U, < Vi) =f ] f12(Vy, Va)dV, dv,. (3.87)
Via Via

Other properties, that can readily be deduced, are

Ju(Vi, V1) > 0, (3.88)
[ fr2(Vy, Va)dV, = f12(Vs), (3.89)
[ /; fl2(le Vz)dVl dV2 - 1, (390)

where f5(V,) is the marginal PDF of U,.
If (U, Us) is a function of the random variables, its mean is defined by

(O, Uy)) = [ /OO Q(Vi, Va)f12(V1, Vo) dV, d Vs, (3.91)

The means (U,) and (U,), and the variances (#2) and (12), can be determined
from this equation, or equally, from the marginal PDFs f,(V)) and f,(V>)
(see Exercise 3.15). Here u; and u, are the fluctuations, e.g., u, = U, — (Up)
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V)

V2a L

Fig. 3.15. The V,-V, sample space showing the region corresponding to the event
{Vla < Ul < Vlb’ VZa < UZ < VZb}a s€e Eq (3'87)

The covariance of U; and U, is the mixed second moment

cov(Uy U = fue) = [ [ (Vi = U2 = (U aVh, Vo) aVi v,
e (3.92)
and the correlation coefficient is

pi2 = () / [(u7) ()], (3.93)

As illustrated by the scatter plot in Fig. 3.13, a positive correlation coefficient
arises when positive excursions from the mean for one random variable (e.g.,
u; > 0) are preferentially associated with positive excursions for the other
(ie, u, > 0). Conversely, if positive excursions for u, are preferentially
associated with negative excursions of u,, as in Fig. 3.16, then the correlation
coefficient is negative. In general, we have the Cauchy—Schwartz inequality

—1<pp<1, (394)

see Exercise 3.16.

If the correlation coefficient p, is zero (which implies that the covariance
(uju,) is zero) then the random variables U, and U, are uncorrelated. In
contrast, if p; is unity, U, and U, are perfectly correlated; and, if p,, equals
—1, they are perfectly negatively correlated. Examples of these correlations
are given in Exercise 3.17.

For the scatter plot shown in Fig. 3.16, it is clear that the samples with
U, = V|, and those with U, = V), are likely to have significantly different
values of U,. This is confirmed in Fig. 3.17, which shows f,(V,V;) for
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Fig. 3.16. A scatter plot of negatively correlated random variables ({U;) = 1, (U;) =
—1, (3) =2, (u3) =12, and p;; = —+/2/3).

- 0.2

15 -10 -5 0 5V,
Fig. 3.17. The joint PDF of the distribution shown in Fig. 3.16, plotted against V, for
V1=V13=13nd V1=V1b=5.

Vi = Vi, and V| = V. For fixed V,,, fi2(Via, V>) indicates how U, is
distributed for samples (U, U,) with U, = V,,. These ideas are made precise
by defining conditional PDFs: the PDF of U, conditional on U, = ¥, is

Fan(Val Vi) = fra(Vi, Va)/ f1(V)). (3.95)
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This is simply the joint PDF f,, scaled so that it satisfies the normalization
condition

[ (Bl dv: = 1. (3.96)

For given Vi, if f1(V}) is zero, then f5,;(V2|V)) is undefined. Otherwise it is
readily verified that f,(V>|V,) satisfies all the conditions of a PDF (i.e, it is
non-negative, and satisfies the normalization condition, Eq. (3.96)). (A word
on notation: ‘|V;’ is an abbreviation for ‘|U, = V|, and is read ‘conditional
on U, = V,, or ‘given U, = V/’, or ‘given V,.)

For a function Q(U,, U,), the conditional mean (conditional on V) (Q|V)
is defined by

QUL U)U, =T) = /_ OV, Va)fa (V2| V) d Vs, (3.97)

The concept of independence is of paramount importance. If U, and U,
are independent, then knowledge of the value of either one of them provides
no information about the other. Consequently, ‘conditioning’ has no effect,
and the conditional and marginal PDFs are the same:

f1(V2| V) = fa(Va), for U, and U, independent. (3.98)
Hence (from Eq. (3.95)) the joint PDF is the product of the marginals:
Vi, Vo) = fi(V)f2(V2), for U, and U, independent. (3.99)

Independent random variables are uncorrelated; but, in general, the converse
Is not true.

EXERCISES

3.14  Show that the properties of the joint PDF Egs. (3.87)—(3.90) fol-
low from the definitions of the CDF (Eq. (3.82)) and joint PDF
(Eq. (3.86)).

3.15 Show that, for a function R(U,) of U, alone, the definition of the
mean (R(Uy)) in terms of the joint PDF f,, (Eq. (3.91)) is consistent
with its definition in terms of the marginal PDF f, (Eq. (3.20)).

3.16 By considering the quantity (u, /u, & uy/u5)?, establish the Cauchy-
Schwartz inequality

—1<pp<l, (3.100)

where u| and u, are the standard deviations of U, and U, and p,> is
the correlation coefficient.
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3.17

3.18

3.19

3.20

321

Let U; and U; be uncorrelated random variables, and let U, be
defined by

U,=a+bU, + cU,, (3.101)

where a, b, and ¢ are constants. Show that the correlation coefficient
pr2 18
b

PR B ) (@) (102

Hence show that U, and U, are

(a) uncorrelated (p;» = 0) if b is zero and c is non-zero,
(b) perfectly correlated (p,, = 1) if ¢ is zero and b is positive, and

(c) perfectly negatively correlated (p» = —1) if ¢ is zero and b is
negative.

For the sum of two random variables, obtain the result
var(U, + U;) = var(U,) + var(U;) + 2cov(U,, U,). .~ (3.103)

For the sum of N independent random variables obtain the result

N N
var(Z U,-) = " var(U)). (3.104)
i=1 i=1

Let U, be a standardized Gaussian random variable, and let U, be
defined by U, = |U,|. Sketch the possible values of (U, U,) in the
Vi—V, sample space. Show that U, and U, are uncorrelated. Argue
that the conditional PDF of U, is

fa(Va|Vy) = 8(V, — |Vy)), (3.105)

and hence that U, and U, are not independent.
For any function R(U)), starting from Eq. (3.97), verify the result

(R(UV1) = R(V)). (3.106)
Show that the unconditional mean can be obtained from the condi-

tional mean by

o

(Q(UL, Uy)) = f @IV fi(v)db,. (3.107)

—%
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3.5 Normal and joint-normal distributions

In this section we introduce the central-limit theorem which (among other
things) shows that the normal or Gaussian distribution (Eq. (3.41)) plays a
central role in probability theory. Then the joint-normal distribution and its
special properties are described. Many of the results given are most easily
obtained via characteristic functions (Appendix I).

We begin by examining ensemble averages. Let U denote a component
of velocity at a particular position and time in a repeatable turbulent-flow
experiment, and let U™ denote U on the nth repetition. Each repetition is
performed under the same nominal conditions, and there is no dependence
between different repetitions. Hence, the random variables {U"), U®, U®), . }
are independent and have the same distribution (ie., that of U): they are
said to be independent and identically distributed (ii.d.).

The ensemble average (over N repetitions) is defined by

N
(U)y = -;—] > U, (3.108)

n=]

The ensemble average is itself a random variable, and it is simple to show
that its mean and variance are

(U)n) = (U), (3.109)
var((U)y) = 1 var(U) = -0—5. (3.110)
N N
Consequently (see Exercise 3.22) U defined by
U = [U)y — (U)IN"?/a, (3.111)

is a standardized random variable (i.e, (U) =0, (U?) = 1).
The central-limit theorem states that, as N tends to infinity, the PDF of
U, f(V), tends to the standardized normal distribution

f(vy= exp (—iV?), (3.112)

1
N
(see Fig. 3.7 on page 47 and Exercise 1.3 on page 709). This result depends
on {UW, U, . | UM} being iid. but the only restriction it places on the
underlying random variable, U, is that it have finite variance.

We turn now to the joint-normal distribution, which is important both in
probability theory and in turbulent flows. For example, in experiments on
homogeneous turbulence the velocity components and a conserved passive
scalar {U,, U,, Us, ¢} are found to be joint-normally distributed (see Fig. 5.46
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on page 175). The definition and properties of the joint-normal distribution
are now given for a general set of D random variables U = {U,, Uy, ..., Up}.
For D = 2 or 3, U can be thought of as components of velocity in a turbulent

flow.
It is convenient to use matrix notation. The mean and fluctuation of the

random vector U are denoted by

p=(U), (3.113)

u=U—(U). (3.114)
The (symmetric D x D) covariance matrix is then
C = (uu'), (3.115)

If U= {U,,U,Us} is the velocity, then the covariance matrix is a second-
order tensor with components C; = (uu;).

If U= {U,U,,...,Up} is joint-normally distributed, then (by definition)
its joint PDF i1s

f(V) = [(2n)” det(C)] 2 exp[—3(V — ) C'(V — m)]. (3.116)

Note that the ¥ -dependence of the joint PDF is contained in the quadratic
form

g(V)=(V —w'C(¥ — p) (3.117)

For D = 2, a constant value of g — corresponding to a constant probability
density — 1s an ellipse in the V|-V, plane. For D = 3, a constant-probability-
surface is an ellipsoid in ¥ -space.

We now examine the pair {U,, U,} of joint-normal random variables (i.e.,
D = 2) in more detail. Figure 3.18 shows a scatter plot and constant-
probability-density lines for a particular choice of g and C.

In terms of the variances (uf) and (u3), and the correlation coefficient pys,
the joint normal PDF (Eq. (3.116)) is

Vi Va) = [y 1 — o] exp | 5=

y ((Vl — U 2p0(Vi — (U)(Va— (Ua)) L ez <U2>)2>].

(ut) ((ut)(u3))/? (us)
(3.118)

From this equation, the following properties can be deduced.
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Fig. 3.18. A scatter plot and constant-probability density lines in the V,—V; plane for
joint-normal random variables (U, U,) with (Uy) =2, (Uz) =1, ul) =1, (W) = 2

6
and pyp = 1/\/5.

(i) The marginal PDFs of U, and U, (f,(V}) and f,(V5)) are Gaussian.
(11) If U, and U, are uncorrelated (ie., p;» = 0), then they are also in-
dependent (since then f>(Vy,V2) = fi(V))f2(V>)). This is a special
property of the joint-normal distribution: in general, lack of correla-
tion does not imply independence.
(ii)) The conditional mean of U, is

(uyuy)

(UilUy = Vp) = (U1>+—<—uz—>—(Vz—(Uz>)- (3.119)
2
(iv) The conditional variance of U, is
(U = (Ui V2) = (up)(1 = pi). (3.120)

(v) The conditional PDF f,,(V;|V3) is Gaussian.

Returning to the general case of U = {U,, U,, ..., Up} being joint normal,
additional insight is gained by considering linear transformations of U. An
essential result (see Appendix I) is that, if U is joint normal, then a random
vector U formed by a general linear transformation of U is also joint normal.

Because the covariance matrix C is symmetric, it can be diagonalized by
a unitary transformation, defined by a unitary matrix A. (The properties of
a unitary matrix are

ATA=AAT =1, (3.121)

where I is the D x D identity matrix.) That is, there is a unitary matrix A
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such that
ATCA = A, (3.122)

where A is the diagonal matrix containing the eigenvalues of C

”zl O -+ 0 7
0 4 - 0
N . (3.123)
| 0 0 )LD_

Consequently the transformed random vector

= A"u (3.124)
has a diagonal covariance matrix A:
C=(ai"y = (ATuu"A) = ATCA = A. (3.125)

There are several observations to be made and results to be deduced from
this transformation.

(i) If U is the velocity vector, then # is the fluctuating velocity in a
particular coordinate system — namely the principal axes of {(uu;).
(ii) The eigenvalues of C, 4;, are

A = {lyiy) > 0, (3.126)

(where bracketed suffixes are excluded from the summation conven-
tion). Thus, since each eigenvalue is non-negative, C is symmetric
positive semi-definite.

(iii) That the covariance matrix C is diagonal indicates that the trans-
formed random variables {i1;,1,,...,7;} are uncorrelated.

These three observations apply irrespective of whether U is joint normal. In
addition we have the following

(iv) If U is joint normal, then {fi,f,... fip} are independent Gaussian
random variables.

EXERCISES
3.22  From the definition of the ensemble average (Eq. (3.108)) show that

(U)LY = (U + %var(U), (3.127)
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and hence verify Eq. (3.110). Hint:

N N
(UYy = % 21: Z} uny™, (3.128)
3.23 Obtain an explicit expression for the kurtosis of (U)y in terms of
N and the kurtosis of U. Comment on the result in light of the
central-limit theorem.
3.24  Show that, for large N, the ensemble mean (Eq. (3.108)) can be
written

(U)y = (UY + N2/,

where ¢ = sdev(U) and ¢ is a standardized Gaussian random vari-
able.

3.25 Let U be a joint-normal random vector with mean u and positive-
definite covariance matrix C = AAA”, where A is unitary and A is
diagonal. Show that the random variable

a=C"U—p)

is a standardized joint normal, i.e., it has mean zero, identity covari-
ance, and joint PDF

o 1\
f) = (57) e (-
326 A Gaussian random-number generator produces a sequence of in-
dependent standardized Gaussian random numbers: "V, ¢ &9
How can these be used to generate a joint-normal random vector U

with specified mean g and covariance matrix C?
(Hint: this can be achieved in a number of ways, the best of which
involves the Cholesky decomposition, i.e., a symmetric semi-definite
matrix can be decomposed as C = LL”, where L is lower triangular.)

a f/). (3.129)

b | —

3.6 Random processes

As an example of a random variable, we considered (in Section 3.2) a
component of velocity U in a repeatable turbulent-flow experiment, at a
particular location and time (relative to the initiation of the experiment). The
random variable U is completely cha